
T H E S I S

Robust extraction of control signals for

power-recycled interferometric

gravitational-wave detectors

Koji Arai

November 2001





Contents

1 Introduction 7

2 Gravitational wave detection with laser interferometers 13

2.1 Gravitational waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.1.1 General theory of relativity . . . . . . . . . . . . . . . . . . . 14

2.1.2 Wave solutions of the Einstein equation . . . . . . . . . . . . . 15

2.1.3 Generation of gravitational waves . . . . . . . . . . . . . . . . 16

2.2 Detection of gravitational waves by Michelson interferometers . . . . 24

2.2.1 Effect of waves on free particles . . . . . . . . . . . . . . . . . 24

2.2.2 Effect of waves on Michelson interferometers . . . . . . . . . . 27

2.2.3 Utilizing Fabry-Perot arms . . . . . . . . . . . . . . . . . . . . 31

2.2.4 Projects for interferometric gravitational wave detection . . . 33

2.2.5 Noise sources . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.3 Power recycling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3 Frontal modulation scheme 43

3.1 Control signals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.2 Static response of the interferometer . . . . . . . . . . . . . . . . . . 47

3.2.1 Modulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.2.2 Reflectances of the interferometer . . . . . . . . . . . . . . . . 49

3.2.3 Photocurrent . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.2.4 Demodulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.2.5 Optical design . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3



CONTENTS

3.3 Model interferometer . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4 Signal extraction scheme using harmonic demodulation 69

4.1 The 3ωm demodulation scheme . . . . . . . . . . . . . . . . . . . . . 70

4.1.1 Principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.1.2 Advantages of the 3ωm demodulation scheme . . . . . . . . . . 71

4.1.3 Signals with the conventional scheme and the 3ωm scheme . . 72

4.2 Reduction of the δL+ component in the SY port signal . . . . . . . . 73

4.3 Further reduction of δL+ . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.3.2 Adjusting the optical parameters . . . . . . . . . . . . . . . . 80

4.3.3 Eliminating the SB3 by an additional modulation . . . . . . . 81

4.4 Dependence of the 3ωm-demodulated signals on the optical parameters 85

4.5 Change of optical gains during locking acquisition . . . . . . . . . . . 89

4.6 Removing the pick-off from the recycling cavity . . . . . . . . . . . . 98

5 Experimental study of the 3ωm demodulation scheme 99

5.1 3-m power-recycled Fabry-Perot-Michelson interferometer . . . . . . . 100

5.1.1 Optical design . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5.1.2 Suspension system . . . . . . . . . . . . . . . . . . . . . . . . 106

5.1.3 Signal extraction and servo configuration . . . . . . . . . . . . 108

5.1.4 Photodetectors for diagnostics . . . . . . . . . . . . . . . . . . 112

5.1.5 Vacuum system . . . . . . . . . . . . . . . . . . . . . . . . . . 112

5.2 Operation of the 3-m prototype with harmonic demodulation . . . . . 113

5.2.1 Implementation of the 3ωm demodulation scheme . . . . . . . 113

5.2.2 Initial adjustment . . . . . . . . . . . . . . . . . . . . . . . . . 113

5.2.3 Lock acquisition . . . . . . . . . . . . . . . . . . . . . . . . . . 115

5.2.4 Recycling gains . . . . . . . . . . . . . . . . . . . . . . . . . . 119

5.3 Measurement of the signal sensitivity . . . . . . . . . . . . . . . . . . 121

5.4 Reduction of δL+ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

5.4.1 Inherent insensitivity to δL+ . . . . . . . . . . . . . . . . . . . 122

4



CONTENTS

5.4.2 Reduction of δL+ by means of adjusting an optical parameter 126

5.5 Dependence of the signal sensitivity to an optical parameter . . . . . 127

5.6 Sensitivity variation during locking procedure . . . . . . . . . . . . . 128

5.7 Operation of the 3-m prototype without the pick-off mirror . . . . . . 130

6 Conclusion 137

6.1 Signal extraction of power-recycled Fabry-Perot-Michelson interferom-

eters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

6.2 The 3ωm scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

6.3 Experimental investigation of the 3ωm scheme . . . . . . . . . . . . . 139

6.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

6.4.1 Prospect to TAMA300 recycling . . . . . . . . . . . . . . . . . 140

6.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

A Frequency tripler 143

B Conditions for gain constraint 149

References 153

Acknowledgement 163

5





Chapter 1

Introduction

Gravitational waves are ripples of space-time propagating through the universe, de-

rived from the linearized Einstein equation in general relativity [1, 2]. The existence of

gravitational wave was indirectly confirmed by Hulse and Taylor [3–5]. They discov-

ered and observed for a long period the binary pulsar PSR1913+16 with the Arecibo

radio telescope. The observation of the orbital period decay agreed with the prediction

based on energy dissipation due to gravitational radiation. Gravitational radiation

now plays an important role in the models of many known astronomical systems.

The direct detection is not yet realized, however, because of its weak interaction with

matters.

Direct detection of gravitational waves will provide great contributions to physics

and astronomy. General relativity and alternative theories of gravity will be exposed

to tests under strong gravity field for the first time. Analyses of the waveforms will

pioneer a new field of astronomy, which will complement astronomy by the other

channels of electro-magnetic radiation; the direct observation would reveal informa-

tion which can not be obtained by any other ways: details of the structures of neutron

stars and black holes, equation of state of nuclear matters, mechanisms of supernovae,

and so on.

Attempts to catch gravitational waves originated in the 1960’s [6] by using alu-

minum bars as resonant mass detectors, inspiring many successive inventions for the

detection. The rapid progress of laser technology in recent decades allows us to con-
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Chapter 1. Introduction

sider laser interferometers with a long baseline as gravitational wave detectors for

the first detection. These interferometers utilize the nature of Michelson interferome-

ters; Michelson interferometers are sensitive only to differential arm length deviation.

Since gravitational waves produce differential arm length fluctuations, the waveform

of a gravitational wave is obtained from the change in brightness of the interference

fringe. Construction of these interferometers are in progress by several projects, such

as LIGO [7], VIRGO [8], GEO [9]. In Japan, the TAMA300 [10–12] detector began

operating its first operation in 1999, preceding the construction of the other projects’

detectors.

Even for the most sensitive current interferometric detectors, gravitational waves

are still too weak to detect; the interferometers must have extremely high sensitivity.

The sensitivities of the large-scale interferometers will be limited by several funda-

mental noises: seismic noise, thermal vibration of the pendulums, thermal vibration

of the test masses, and photon shot noise. Shot noise is a noise source that will limit

the sensitivity of the interferometer in the high frequency band. In order to reduce

shot noise, one must employ not only a laser source with an output power as large as

possible, but also a technique called power recycling. Power recycling is implemented

by inserting an additional partial mirror, called a recycling mirror, in front of the

interferometer. Since highly sensitive interferometers are operated on a dark fringe to

minimize shot noise, most of the injected light returns toward the laser source. The

recycling mirror reflects this light back to the beamsplitter, coherently adding it to

the input laser beam. The resultant increase in effective input power improves the

sensitivity to gravitational waves.

In the LIGO, VIRGO, and TAMA300 detectors, each arm of a Michelson in-

terferometer is replaced by a Fabry-Perot cavity forming a Fabry-Perot-Michelson

interferometer (Fig. 1.1) to enhance the sensitivity to gravitational waves. In order

to realize the stable operation of such a complex optical system, many degrees of free-

dom must be controlled by feedback systems. The most crucial degree of freedom is

thought to be the longitudinal control of the mirrors I order to maintain the operating
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Figure 1.1: Optical configuration for a power-recycled Fabry-Perot-Michelson interferom-

eter (RFPMI). RM: recycling mirror, BS: beamsplitter, FM: front mirror, EM: end mirror.

The symbols I and P indicate the inline arm and the perpendicular arm. The symbols L

and l represent the optical path lengths for the arm and the recycling cavity, respectively.

The control signals are extracted from the three optical ports: detection port, reflection

port, and pick-off port.

point of the interferometer, the input laser beam needs to be kept resonant with the

whole interferometer, and the interference fringe needs to be dark at the detection

port. Since large pendulum motions of the mirrors are excited by seismic motion,

feedback systems are used to control the four degrees of longitudinal freedom: the

deviations of the arm cavity lengths (δLI and δLP) and those of the distances between

the recycling mirror and the front mirrors (δlI and δlP). These degrees of freedom

can also be represented by the linear combinations:

δL− = δLP − δLI ,

δL+ = δLP + δLI ,

δl− = δlP − δlI ,

δl+ = δlP + δlI .

(1.1)

Frontal (or Schnupp) modulation scheme is one of the most elegant technique to

extract the signals for the control of these four degrees of freedom [13, 14]. Phase

modulation at a radio frequency (ωm) is applied to the beam before it is injected
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Chapter 1. Introduction

to the interferometer, resulting in the intensity-modulated photocurrents on several

photodetectors for the signal extraction. The four longitudinal signals are obtained

by demodulating these photocurrents. With the conventional frontal modulation

scheme, however, it is difficult to obtain a δl+ component independent from the δL+

contribution; the signal extraction ports sensitive to δl+ are also highly sensitive to

δL+. In addition, amplitudes and signs of the δl+ and δl− components depend on the

optical parameters. These signals can be vanish under some conditions.

In order to overcome these difficulties, several techniques have been investigated.

Originally, a technique that does not require any modification of the optical config-

uration for the frontal modulation has been investigated [15]. This technique uses

feedback control to the δL+ and δl+ loops with different gains, accepting several re-

strictions to ensure the stability of the control system. Also, the optical parameters

must be chosen carefully to avoid the conditions that make the longitudinal signals

disappear.

In search of a more fundamental solutions to this problems, several techniques to

separate the longitudinal signals have been investigated. Signal extraction schemes

using a frequency-shifted subcarrier, which is generated by an additional modulation

and a complex input optics train, are described in several papers [14, 16, 17]. The

signals obtained with this scheme are completely separated from each other. On

the other hand, it is not trivial to transmit the main carrier, the subcarrier, and

their sidebands simultaneously through a mode cleaner cavity placed before the main

interferometer.

The group at the University of Tokyo proposed a scheme that does not require

any modification of the basic optical configuration from the conventional one [18].

This scheme, called sideband elimination, uses the adjustment of the modulation

frequency and the Schnupp asymmetry; by adjusting them the reflectivity of the whole

interferometer to the first order sidebands is set to zero, resulting in elimination of the

δL+ contribution to the signal at the reflection port. This scheme has been realized at

a 3-m suspended prototype interferometer placed at the University of Tokyo [19, 20].
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However it was pointed out that the accuracy for the adjustment of the modulation

frequency and the asymmetry is crucial to have separated signals.

In this thesis, a new signal extraction scheme for power-recycled Fabry-Perot-

Michelson interferometers based on frontal modulation is proposed [21]. The signals

corresponding to δl+ and δl− are obtained at the reflection port by demodulating at

the third-harmonic frequency of the phase modulation (3ωm). This scheme is named

the 3ωm demodulation scheme. The advantage of this scheme and the experiments

to confirm them are explained.

Particularly, the 3ωm scheme plays an important role in a recycling experiment of

TAMA300. With the optical parameters of TAMA300, the sign of the carrier light

has phase reversal between before and after lock of the arms. It is known that this

phase reversal induces the sign change to one of the length control signals. This

change makes lock acquisition procedure very difficult because TAMA300 does not

have the control system that can change the feedback sign dynamically to keep the

whole control loops stable. Since the signals with the 3ωm scheme have no sign change,

this scheme is one of the indispensable part of the control system for TAMA300.

In Chapter 2, the background of this research is described. The propagation,

generation, and detection of gravitational waves are reviewed. The principle of inter-

ferometric gravitational wave detectors, and power recycling are described.

In Chapter 3, the signal extraction with the conventional frontal modulation

scheme is explained. A model interferometer to evaluate the features of the de-

modulation schemes is introduced.

In Chapter 4, the 3ωm demodulation scheme is proposed. The features of this

scheme are described in detail. This technique has several advantages against the

conventional frontal modulation scheme. They are described in this chapter in detail.

In order to confirm the principle and the advantages of the new scheme, it has

been implemented to the 3-m prototype interferometer at the University of Tokyo [19,

22, 23]. The setup of the experiment and the results are described in Chapter 5.

In Chapter 6, the achievements of this research are summarized.
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Chapter 2

Gravitational wave detection with

laser interferometers

Gravitational waves are ripples of space-time propagating through the universe. Be-

cause of their weak interaction with matter, observable gravitational waves are radi-

ated only by astronomical objects. Since gravitational waves are mainly emitted by

the bulk motion of massive compact objects, not by individual particles, they bring us

completely new information about the sources, which can not be obtained by obser-

vations with electro-magnetic waves. Recent progress of technologies, particularly in

lasers and optics, allows us to consider a laser interferometer with a long baseline as

a gravitational wave detector for the first direct detection. Projects to construct the

interferometers are being carried out throughout the world. Even for the most sensi-

tive current interferometric detectors, however, gravitational waves are still too weak

to detect. Shot noise is one of the fundamental noises that will limit the sensitivities

of the large-scale interferometers. Since power recycling is a technique to improve the

shot-noise limit, it is thought to be an indispensable for the present inteferometric

gravitational wave detectors.

In this chapter, detection of gravitational waves by laser interferometers is de-

scribed. The first section describes the physical characteristics of gravitational waves

derived from the Einstein equation. Next, a laser interferometric gravitational wave

detector and its principle are depicted. The last part of this chapter is dedicated to
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Chapter 2. Gravitational wave detection with laser interferometers

explaining how power recycling can reduce the shot noise level of the interferometers.

2.1 Gravitational waves

In this section, the law of interaction between matter and space-time — the Einstein

equation — is given first. Then, wave solutions of the linearized form of the Einstein

equation — gravitational waves — are described briefly. For detailed derivations refer

to the references [1, 2].

2.1.1 General theory of relativity

In the general theory of relativity, the source of gravity is the curvature of space-time;

the dynamics of matter in space-time is determined by this curvature, and the matter,

itself, causes the curvature of the space-time. This physical situation is described by

the Einstein equation

Gµν =
8πG

c4
Tµν , (2.1)

where Gµν is the Einstein tensor, Tµν is the energy stress tensor which describes

distributions of mass and energy, and the constants, G and c, are the gravitational

constant and the speed of light, respectively.

The proper distance of the infinitesimal element ds in space-time is given by

ds2 = gµνdxµdxν . (2.2)

This gµν is called the metric tensor. The metric describes the structure of the space-

time. In the absence of gravity, the space-time is called “flat” and the metric becomes

a diagonal tensor, that is

gµν ≡ ηµν (2.3)

=




−c2 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




. (2.4)
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2.1. Gravitational waves

The trajectory of a free falling particle in space-time — a geodesic line — is described

by the geodesic equation given by

d2xµ

dτ2
+ Γµ

αβ
dxα

dτ

dxβ

dτ
= 0 , (2.5)

where τ is the proper time, and Christoffel symbol Γα
µν is defined as

Γα
µν ≡ 1

2
gαβ(gβµ,ν + gβν,µ − gµν,β) . (2.6)

The geodesic equation shows that the dynamics of the matter are described by the

metric.

The Einstein equation Eq. (2.1) is a second-order differential equation formed by

the metric and the energy momentum-tensor. The Einstein tensor Gµν is defined by

the metric, Ricci tensor Rµν , and scalar curvature R, given as

Gµν ≡ Rµν − 1

2
gµνR . (2.7)

The Ricci tensor Rµν and scalar curvature R are also defined by Riemann tensor

Rα
βµν :

Rµν = Rα
µαν (2.8)

R = Rα
α , (2.9)

where the Riemann tensor is given by the following expression using Christoffel sym-

bols:

Rα
βµν = Γα

βν,µ − Γα
βµ,ν + Γα

σµΓσ
βν − Γα

σνΓ
σ

βµ (2.10)

As a result, Eq. (2.1) can be expressed entirely in terms of the metric tensor and

the energy-momentum tensor; this tensor determines how the space-time is curved

according to the Einstein equation.

2.1.2 Wave solutions of the Einstein equation

Suppose a weak perturbation of flat space-time as given by

gµν = ηµν + hµν , (2.11)
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Chapter 2. Gravitational wave detection with laser interferometers

where hµν � ηµν . With this perturbation, the Einstein equation is linearized in the

following simple form under a certain gauge condition:(
− 1

c2

∂2

∂t2
+ ∇2

)
hµν = −16πG

c2
Tµν . (2.12)

In particular, in vacuum this second-order partial differential equation is written by(
− 1

c2

∂2

∂t2
+ ∇2

)
hµν = 0 . (2.13)

This equation is known as “the wave equation” and has wave solutions. These waves

of the metric are called gravitational waves.

The simplest solution of Eq. (2.13) are plane gravitional waves. By choosing the

gauge condition called transverse-traceless gauge (TT gauge), the wave solutions of

Eq. (2.13) that propagate through the universe in the z-direction at the speed of light,

are expressed as

hTT
µν =




0 0 0 0

0 h+ h× 0

0 h× −h+ 0

0 0 0 0




e−iω(t−z/c) , (2.14)

where ω is an angular frequency, and h+ and h× are the amplitudes of the two different

polarizations of the gravitational waves.

2.1.3 Generation of gravitational waves

Quadrupole formula

Since gravitational waves only weakly interact with matter, observable gravitational

waves are radiated only by astronomical objects, particularly by bulk motions of

massive compact objects such as neutron stars and black holes.

At present, most predictions of gravitational wave radiation rely on estimation

using the lowest order of the post-Newtonian approximation, called the quadrupole

formula [2]. This formula gives the first approximation to the gravitational radiation

emitted by a weakly relativistic system. If we define the spatial tensor Dij, the second
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2.1. Gravitational waves

moment of the mass distribution is

Qij(t) ≡
∫

ρ(t, x)xixj d3x , (2.15)

and the amplitude of the gravitational wave (in Lorentz gauge) is

hij =
2G

c4r

dQjk

dt2
. (2.16)

In the TT gauge, transverse to the z-direction, the amplitudes of the wave are

h+ =
G

c4r

[
D̈11(t − r/c) − D̈11(t − r/c)

]
(2.17)

h× = −2G

c4r
D̈12(t − r/c) (2.18)

where h+ and h× are defined in Eq. (2.14), and Djk is a reduced quadrupole moment

tensor defined as

Djk = Qjk − 1

3
δjkQ

l
l . (2.19)

The luminosity — the total energy flux — of the gravitational wave L obtained by

integrating the flux through a sphere enclosing the source is

L = −dE
dt

=
G

5c5

∑
i,j

...

D
2

ij (i, j = 1, 2, 3) . (2.20)

As the luminosity of the gravitational waves is inversely-proportional to c5, its effect

is very weak. In addition, the lowest order of the radiation is caused by the change

of the quadrupole moment, a spherically or axially moving system does not emit

gravitational waves.

Sources of gravitational waves

It is important to know what kind of sources are present in the universe because detec-

tion methods depend on the waveform of gravitational waves. Various astronomical

sources have been considered, and their detectability by projected and planned de-

tectors has been investigated.

Most of the sources are massive and compact as the amplitudes of their emission

and the frequency can be large. The waveform from such sources are expected to be

17
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Figure 2.1: Various sources of gravitational waves and the sensitivities of the detectors [24].

periodic or burst-like. The waveform of the periodic (or quasi-periodic) sources are

easily predicted and therefore efficient methods for data analyses are being actively

investigated. For detection of the burst-like sources, the method used to extract the

signal from the detector noise is important. On the other hand, there is another

type of gravitational waves — stochastic gravitational waves. There are two types

of stochastic gravitational waves: superposition of many periodic sources and grav-

itational waves from cosmological sources. Here, a brief introductions of the main

sources are presented.

• Radiation from a spinning neutron star

Rotation of an axisymmetric mass does not emit gravitational waves, however, if

the pulsar — a spinning neutron star — has mountains on its crust, the system

can be non-axisymmetric. The sinusoidal gravitational wave from this possible

18



2.1. Gravitational waves

mountain is estimated by the quadrupole formula [24]:

h ∼ 2G

c4r
(2πRNSf)2m (2.21)

∼ 4 × 10−27

(
f

100Hz

)2(
m

10−5M�

)(
RNS

10km

)2(
r

10kpc

)−1

, (2.22)

where RNS and f are the radius and the spinning frequency of the neutron star,

respectively, and r is a distance from the source. It is believed that neutron

star crusts are not so strong as to support a bump with a mass m of more than

10−5M�1. An effective amplitude of the gravitational wave from a periodic

source increases with a long observation. The effective amplitude is expressed

by

heff = h
√

Ncycle , (2.23)

where Ncycle is the number of cycles in the waveform that are analyzed. In the

spinning neutron star case heff is

heff = h
√

2fTobs , (2.24)

where Tobs is the observation time, therefore

heff ∼ 3 × 10−21

(
f

100Hz

)5/2(
m

10−5M�

)(
RNS

10km

)2(
r

10kpc

)−1(
Tobs

1year

)1/2

.

(2.25)

This amplitude (by integrating the observation for a year) is comparable to the

sensitivity of current-generation detectors.

It is also pointed out that periodic gravitational waves are emitted from young,

hot, and rapidly rotating neutron stars. The instability of the r-mode oscilla-

tion — one of the eigen oscillation mode — is very strong in such neutron stars.

Investigations by a number of authors [26–28] have been done. The r-mode

instability may be able to explain why all known young neutron stars are rotat-

ing ten times slower than the older millisecond pulsars. This radiation may be

detectable by future detectors, and may also form a strong cosmic background

at frequencies above 20 Hz.

1There is also an estimation that the mountain must be smaller then m ∼ 106g [25].
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Chapter 2. Gravitational wave detection with laser interferometers

• Gravitational collapse

Neutron stars and black holes are formed by gravitational collapses of massive

stars, which are known as supernovae. The burst waveforms during these events

and their amplitude are currently not yet well understood because they strongly

depend on the state equation of nuclear matter, which is not well known. In

other words, the detection of gravitational waves from a supernova will provide

rich information about the formation of neutron stars and black holes. If the

collapse is completely spherical, gravitational waves are not emitted. Therefore

it is important how much the spin of the stars causes non-axisymmetry in the

collapse. The maximum amplitude of gravitational waves is estimated as [29]

h < 10−2010kpc

r
. (2.26)

from these model calculations, the frequency of the burst will not exceed a few

kHz [29, 30].

In particular, there may be an excitation of eigenmodes of a black hole just

after its formation. This will be a damping oscillation — called a quasi-normal

mode — and its waveform is predictable [31–33].

• Radiation from a binary system

Many of the stars in the universe are known to form binary pairs. As a result

of star evolution, these binary stars eventually become binary pairs of compact

stars, and can be sources of strong gravitational waves. Binary systems of the

main-sequence stars, the cataclysmic binaries, and white dwarf binaries [34] have

been discovered. From pulsar surveys [35], more than 50 of the binary pulsars,

which are formed by neutron star and the other compact stars (including double

neutron star binaries), were also discovered.

Using the quadrupole approximation, the gravitational radiation by the equal-

mass binaries is estimated to be

h ∼ 2G2

c4Rorbr
M2 , (2.27)

20



2.1. Gravitational waves

where M and Rorb are the mass and the orbit radius of the stars, respectively.

In the general case for unequal masses, it is known that the amplitude of the

emission depend on the chirp mass M defined by

M = µ3/5M
2/5
t . (2.28)

Here instead of M , the total mass Mt ≡ M1 + M2 and the reduced mass µ ≡
(M1M2/Mt) are used. Using Kepler’s law GMt/R

3
orb = (2πf)2, the amplitude

of the radiation is written as

h ∼ 2(2π)2/3G5/3

c4r
f 2/3M5/3 . (2.29)

Neutron star binaries. The coalescing neuron star binaries are one of the

most considerable sources of gravitational waves. The chirp mass M becomes

1.2M� when M1 = M2 = 1.4M�, therefore Eq. (2.29) is rewritten as

h ∼ 5 × 10−24

(
f

20Hz

)2/3( M
1.2M�

)5/3(
r

200Mpc

)−1

. (2.30)

Neutron star binaries, being close to each other, lose kinetic energy through

gravitational radiation. The frequency of the radiation gets higher constantly

until they eventually merge. The waveform during their inspiral is called a chirp

signal, and the waveform during their merging is a merger phase signal. Since

the waveform of the chirp signal is predictable, it can be used for matched filter-

ing analysis [36, 37], searching for gravitational waves from a detector output.

At the last moment of the inspiral, the orbital frequency goes up to around

1kHz. In such a situation, the quadrupole approximation used above is no

longer valid because of the strong gravitational field and the rapid motion of

the neutron stars. Therefore, relativistic calculations using the post-Newtonian

methods are necessary for the calculation of search templates in the data analy-

sis. The waveform in the merger phase is expected to provide knowledge about

the structure of the neutron star and the physics under strong gravity.

As mentioned in Chapter 1, orbital decay of the Hulse-Taylor binary pulsar

PSR1913+16, discovered in 1975 [4], was measured over 20 years. Since its

21



Chapter 2. Gravitational wave detection with laser interferometers

J1518+4904 B1534+12 J1811–1736 B1820–11 B1913+16 B2127+11C

P [ms] 40.9 37.9 104.2 279.8 59.0 30.5

Pb [d] 8.6 0.4 18.8 357.8 0.3 0.3

e 0.25 0.27 0.83 0.79 0.62 0.68

τc [108y] 200 2.5 970 0.04 1.1 0.97

τg [108y] � τu 27 � τu � τu 3.0 2.2

Mass? No Yes No No Yes Yes

Table 2.1: Known double neutron star (DNS) binaries and candidates. Listed are the

pulse period P , the orbital period Pb, the orbital eccentricity e, the pulsar characteristic

age τc, and the expected binary coalescence time scale τg due to gravitational wave emission.

Cases for which τg is a factor of 100 or more greater than the age of the Universe are listed

as � τu. To distinguish between definite and candidate DNS systems, it is listed (the row

“Mass?”) whether the masses of both components have been determined. [38]

orbital parameters were obtained apart from the effect of the orbital shrink-

ing, the orbital decay rate was estimated without any free parameters. The

observed rate matches the predicted rate within the observational errors of less

than 1% [3]. This fact is considered indirect evidence of the existence of the

gravitational wave [5]. Three (definite) neutron binaries and three candidates

have been discovered. Of these, three of them will merge within a life time of

the universe (∼ 1010 years) (Table. 2.1).

The estimations of the event rate shows a typical Galactic NS/NS merger rate

of 10−7 ∼ 10−6/year and an upper limit of 10−5 ∼ 10−4/year [39]. According

to a Galactic NS/NS merger rate of 10−5/year, future advanced detectors such

as LIGO II and LCGT which can observe the NS/NS binary mergers up to

200Mpc will detect a few events per year.

Stellar-mass black hole binaries. The orbital frequency of the stellar-mass

black hole inspiral can chirp-up up to several hundred Hz before they start to

merge. After the merger, the eigenmodes of the resultant single black hole are
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excited and gradually damped; this quasi-normal mode will inform us of the

characteristics of the black hole. Although the waveform of the gravitational

wave in the merger phase is not known, those in the inspiral and ring-down

phases can be predicted. Therefore, as well as neutron star binaries, binary

coalescences of stellar-mass black holes are detectable gravitational wave sources

by ground based interferometers [31–33].

Super-massive black hole binaries. We can expect gravitational waves from

super massive black holes that have a mass of MBH of > 106M�. Nowadays,

this type of black hole is believed to be at the central core of many galaxies,

e.g. our Galaxy, M87, NGC4258, and so on. It is a natural thought that they

might be formed by the merger of massive black holes that belong to smaller

galaxies. Actually, merger of galaxies are frequently observed in the universe.

The prediction of the merger rate is difficult, however, these super-massive black

holes are expected to be detectable sources for space-based gravitational wave

antennae such as LISA owing to the large amplitude of the emission; such events

will be detected no matter where in the universe they occur.

MACHO black hole binaries. Although it is still speculative, MACHO

(MAssive Compact Halo Object) BH, which was observed by microlensing of

distant stars, may be part of the dark matter. The MACHO BHs are expected

to have a mass of around 0.5M� and their abundance would be so high that

the coalescence rate might be as large as one every 20 years in each galaxy. The

gravitational waves from MACHO BH binaries in our Galaxy can be detected

by the most sensitive current gravitational wave detectors [40].

Other binary systems. The summation of a large number of binary systems

in our galaxy produces a stochastic background of gravitational waves. There

are too many compact binaries in our Galaxy to distinguish each one. Therefore,

they are expected to be detected by space-based detectors as a “background

noise”.

• Gravitational waves from the early universe Another source of stochas-
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tic gravitational waves are the cosmological origins. There might be a cosmic

gravitational wave background which is emitted when gravitational waves and

other elementary particles in the universe were in thermal equilibrium. In other

scenario, there may be an inflation of the universe. In this case, quantum fluc-

tuations in the inflation would cause the stochastic gravitational background.

There has been a comprehensive review of the gravitational waves from the

early universe [41].

2.2 Detection of gravitational waves by Michelson

interferometers

Several methods have been considered to detect gravitational waves: interferometric

detectors including Michelson interferometers and sagnac interferometers [42], reso-

nant bar detectors [6], spacecraft ranging, pulsar timing [38, 43], and so on. In this

thesis, we focused on the detection with power-recycled Fabry-Perot-Michelson in-

terferometers. Therefore, detection principles with a Michelson interferometer are

presented in this section.

2.2.1 Effect of waves on free particles

Consider two free particles. These particles are initially at rest, and then encounter

an incoming gravitational wave. We derive that the proper distance between them is

actually effected by the wave even though their coordinates are not effected by the

wave in the TT gauge.

First, we concentrate on a particle. As mentioned before, the motion of the free

particle obeys the geodesic equation

dUα

dτ
+ Γα

µνU
µUν = 0 , (2.31)

where Uα is the four velocity of the particle, and τ is a proper time of that particle.

At the initial moment, the particle is at rest and thus the acceleration acting on the
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particle is expressed as(
dUα

dτ

)
0

= −Γα
00

= −1

2
ηαβ(hβ0,0 + h0β,0 − h00,β) (2.32)

= 0 .

The particle has no acceleration, and stays at its initial coordinate. This does not

mean that the gravitational wave does nothing to the particle, as described below;

the TT gauge is a coordinate system such that the coordinate of the particle is not

effected by the waves.

In order to see the effect of gravitational waves, two nearby particles must be

considered. They are initially at rest. One is placed at the coordinate origin, while

the other is at (x, y, z) = (ε, 0, 0). The proper distance between them is derived as

δl ≡
∫

|ds2|1/2 =

∫
|gµν dxµdxν |1/2

=

∫ ε

0

|gxx|1/2dx ∼ |gxx(x = 0)|1/2 ε

∼
[
1 +

1

2
hTT

xx (x = 0)

]
ε . (2.33)

As shown here gravitational waves change the proper distance between two nearby

particles. Gravitational waves can be detected by monitoring this change of the

distance.

Now we consider free particles arranged in a circular shape in order to investigate

the difference of the + and × polarizations. One particle is at the origin. The other

particles are placed in the x-y plane on the circle distant from the origin by ε (Fig. 2.2

left).

The gravitational wave with h+ �= 0, h× = 0 is propagating along the z-direction.

The proper distance from the origin to the particle at (ε cos θ, ε sin θ) is calculated in

the same way as Eq. (2.33), given by

δl ∼
[
1 +

1

2
h+eik(t−z) cos 2θ

]
ε (2.34)

The variation of the proper distance is depicted in Figure. 2.2 (center).
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ε
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+ mode x mode

Figure 2.2: Effect of gravitational waves on the free particles arranged in a circular shape.

The gravitational waves with the two polarizations effect the particles in different ways.
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Laser Mirror (X)

Mirror (Y)

x

y

z

Beamsplitter

Photodetector

Figure 2.3: A schematic view of a Michelson interferometer.

Next consider the wave with h+ = 0, h× �= 0. In the same way, the proper distance

is given by

δl ∼
[
1 +

1

2
h×eik(t−z) sin 2θ

]
ε (2.35)

The variation of the proper distance is depicted in Figure. 2.2 (right).

From the shape of the change in the proper distance, the h+ mode is called the

+(plus) mode, while the h× mode is called the ×(cross) mode. The × mode has a

shape of the + mode rotated by 45 degrees 2.

2.2.2 Effect of waves on Michelson interferometers

A gravitational wave incident to a Michelson interferometer induces stretch and shrink

of the two arms of the interferometer differentially. The phase change of each optical

path length is detected by change of the interference fringe. This is the principle of

the gravitational wave detection with the Michelson interferometer.

2By taking linear combinations of the two modes, other choices of the two independent polariza-

tions is also possible. For example, left and right circular polarizations are also possible similar to

electro-magnetic waves.
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Michelson interferometers are sensitive to differential phase shifts in the arms. A

schematic view of a Michelson interferometer is depicted in Figure 2.3. The laser

beam coming from the light source is split into two beams by a beamsplitter. These

beams are directed to two arms of the interferometer. At each end of the arms, the

beam is reflected by a mirror. Then, the two reflected beams are recombined at the

beamsplitter. The photodetector placed at the detection port sees the intensity of

the recombined beam. The electric field on the photodetector is given by

Eout =
E0

2
ei(Ωt−φx) − E0

2
ei(Ωt−φy) (2.36)

where E0 and Ω are the amplitude of the source electric field and the angular frequency

of the incident light, respectively. The round-trip-phases φx and φy are the phase

shifts earned in the arms. The intensity of the electric field Pout is expressed as

Pout ≡ |Eout|2 (2.37)

=
|E0|2

2
[1 − cos(φx − φy)] (2.38)

=
Pin

2
[1 − cos(φx − φy)] . (2.39)

The fringe intensity Pout is only effected by the differential phase change in the arms.

Next the phase shift caused by gravitational waves is derived. Consider a +-mode

gravitational wave propagating in the z-direction. The proper distance is given by

ds2 = −c2dt2 + (1 + h+)dx2 + (1 − h+)dy2 + dz2 . (2.40)

As explained in the previous section, in order to detect gravitational waves, the two

mirrors and the beamsplitter are free masses 3. Therefore their coordinates in the

TT-gauge — say (l, 0, 0) and (0, l, 0) — are invariant. Since the light goes along the

path ds2 = 0, the phase of the light reflected by the x-arm is given by

φx(t) = Ωt1 , (2.41)

where t1 fulfills ∫ t

t1

dt′√
1 + h+(t′)

=
2l

c
. (2.42)

3In real interferometric detectors, the mirrors are suspended from pendulums, making them

behave like free masses in the horizontal direction above the resonant frequency of the pendulum.
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Approximating Eqs. (2.41) and (2.42) up to the first order of h+, the phase shift is

written as

φx(t) = Ω

[
t − 2l

c
− 1

2

∫ t

t−2l/c

h+(t′)dt′
]

. (2.43)

The +-mode acts on the y-arm to produce the opposite phase.

Calculating the phase shift in the y-arm in the same way as above, the difference

of φx and φy is given by

∆φGR(t) ≡ φy − φx (2.44)

= Ω

∫ t

t−2l/c

h+(t′)dt′ . (2.45)

The frequency response of the Michelson interferometer HMI(ω) is derived using

Fourier decomposition of h+(t):

h+(t) =

∫
h(ω)eiωtdω (2.46)

∆φGR(t) ≡
∫

h(ω)eiωtHMI(ω)dω (2.47)

HMI(ω) =
2 l Ω

c

sin(lω/c)

lω/c
e−ilω/c . (2.48)

This HMI(ω) has two features (Fig. 2.4):

• The longer the arms, the higher the response, provided lω/c ∼ 0, or equivalently

l � λGW, where λGW is a wave length of a gravitational wave.

• If the arm length is not negligible compared with λGW, the effect of the gravi-

tational wave is reduced by being averaged during the round-trip of the light in

the arm. In particular, the interferometer does not respond to the wave when

l = nλGW/2 (n = 1, 2, · · · ) . (2.49)

Therefore, there is an optimum length of the arm. For instance, 75 km is an optimum

arm length for the target frequency of 1kHz.
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Figure 2.4: Frequency responses of Michelson interferometers to gravitational waves. The

black line is the response with l = 3km, and the gray line is with l = 75km. The responses

are normalized by the DC response of the 3km-length Michelson interferometer.
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Figure 2.5: A schematic view of a Fabry-Perot-Michelson interferometer.
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2.2.3 Utilizing Fabry-Perot arms

Construction of an interferometer with an arm length of 75km is absurd; there is not

such a flat site and the construction cost would be too high. Therefore the optical

configuration of the Michelson interferometer is modified to have a better response

to gravitational waves. There are two kinds of device for the enhancement of the

arm response: Fabry-Perot type and Delay-Line type. Since most projects employ

Fabry-Perot arms, only the Fabry-Perot type is mentioned here.

The arms of Fabry-Perot-Michelson interferometers have an optical cavity in their

arms; a front mirrors is inserted between the end mirror and the beamsplitter of

a Michelson interferometer (Fig. 2.5). Consider a Fabry-Perot cavity depicted in

Figure 2.6. Only limited light can enter the cavity; such light fulfills the resonant

condition

ei2Ωl/c = 1 , (2.50)

where l is the arm length. When the light is resonant in the arm cavity, the phase of

the reflected light from the cavity is sensitive to the arm length change. The phase

shift of the reflected light is enhanced by the factor HFP(ω)

HFP(ω) =
t2FrE

1 − rFrE

1

1 − rFrE exp(−2iωl/c)
, (2.51)

where tF is the transmittance of the front mirror, rF, rE are the reflectance of the

front and end mirrors, respectively.

This HFP is characterized by the following values.

• Finesse

F =
π
√

rFrE

1 − rFrE
(2.52)

The finesse is concerned with how much light is accumulated in the arm.

• Bounce number

NFP =
2F
π

(2.53)

This is similar to the finesse, representing how many times, in average, the light

bounces between the cavity mirrors before exiting the arm.
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rF, tF rE, tE

Figure 2.6: A schematic view of a Fabry-Perot cavity. The amplitude reflectance and the

transmittance of the front mirror are represented by rF and tF, respectively. Those of the

end mirror are rE and tE, respectively.
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Figure 2.7: Comparison of the responses between a Michelson interferometer and a Fabry-

Perot Michelson interferometer.
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• Storage time

τs =
2lF
πc

(2.54)

This shows how long the light stays in the cavity before exiting the arm.

• Cavity pole

fc =
1

2πτs
(2.55)

Another form of τs. This frequency is the cut-off frequency of the low-pass filter

which is the arm cavity.

• Free Spectral Range (FSR)

νFSR =
c

2l
(2.56)

The optical frequency spacing from one resonance to the next.

The response of the whole Fabry-Perot-Michelson interferometer is expressed as

HFPMI(ω) = HFP(ω) HMI(ω) . (2.57)

Figure 2.7 shows the difference of the response between a Michelson interferometer

and a Fabry-Perot-Michelson interferometer. Owing to the Fabry-Perot arms, the

response in the low frequency is enhanced and the DC response increased. It has a

smooth slope below νFSR. Since the response has a low-pass cut-off frequency that

is inversely-proportional to the finesse, increasing the finesse does not enhance the

response above the cut-off frequency fc. In general, the finesse is optimized to avoid

being too high, which would cause technical difficulties.

2.2.4 Projects for interferometric gravitational wave detec-

tion

Currently, there are four large-scale interferometric gravitational wave detectors projects

in progress. They are shown in Table 2.2.

LIGO [7] is an American project to construct 2-km and 4-km interferometers at

Hanford, Washington and a 4-km interferometer at Livingston, Louisiana. Currently,
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Project name Country Site Arm Recycling Baseline

LIGO U.S.A. Hanford FP PR 4km & 2km

Livingston FP PR 4km

VIRGO Italy & France Pisa FP PR 3km

GEO Germany & U.K. Hanover DL DR 600m

TAMA Japan Tokyo FP PR 300m

Table 2.2: Current projects for large-scale interferometric gravitational wave detectors.

The FP and DL arm types represent Fabry-Perot and delay-line types, respectively. The

types of recycling, PR and DR, represent power recycling and dual recycling, respectively.

the operation of the 2-km interferometer at Hanford and the 4-km at Livingston have

been started together with the power-recycling system. All of the interferometers are

power-recycled Fabry-Perot-Michelson interferometers.

VIRGO [8] has been constructing a 3-km interferometer in Pisa, Italy. Utilizing

a huge multi-stage vibration isolation system with the goal of detecting gravitational

waves below 10Hz. The interferometer is a power-recycled Fabry-Perot-Michelson

interferometer.

GEO [9] is a German-British project to construct a 600-m interferometer in

Hanover. The interferometer is a dual-recycled Michelson interferometer with 2-folded

delay-line arms. The development is progressing very rapidly, and the operation with-

out signal recycling 4 will soon begin.

TAMA is a Japanese project to construct an interferometer (TAMA300) with a

baseline of 300 m at the Mitaka campus of the National Astronomical Observatory in

Tokyo [10]. The interferometer is designed as a power-recycled Fabry-Perot-Michelson

interferometer. Although the arm length is the shortest among the four projects, the

start of the construction was the earliest. In addition, the interferometer has already

been operated since 1999 and the improvement of the noise level and the stability

was actively carried out [11, 45]. The sensitivity at this time is 5×10−21/
√

Hz around

4In this thesis, signal recycling is not mentioned. For the details, refer [44].
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700Hz. There were six observation periods [12] including a 1000-hour observation

that was performed in the summer of 2001 [46] . Power recycling of TAMA300 [47]

has not yet been installed. It will start in November 2001.

Apart from the ground-based detectors, there is a space interferometric gravita-

tional wave detector, called LISA [48], planned by NASA and ESA, aiming to detect

gravitational waves in the frequency region from 1mHz to 100mHz.

2.2.5 Noise sources

In order to catch very faint gravitational waves emitted by astrophysical sources, it

is crucial to remove various noise sources of the interferometer. In this section, the

most fundamental noise sources — seismic noise, thermal noises, and photon quantum

noises — are mentioned.

Seismic noise

If ground vibration is transmitted to the mirrors of an interferometric detector, it

can not be distinguished from the optical path-length change by gravitational waves.

This noise induced by the ground motion is called seismic noise. The amount of the

seismic noise is determined by the amplitude of seismic motion at the site and the

performance of the vibration isolation systems.

Even without large ground vibration such as an earthquake, there is always some

level of ground vibration. For example, Figure 2.8 shows the seismic motion at the

TAMA300 site. This power spectrum, showing x̃seis ∼ 10−7/f 2, is a typical one in a

city area [49]. At sites far from cities, the seismic level is 102 to 103 times quieter

than this level.

Since, in any case, the seismic motion is too large to detect gravitational waves

with h � 10−20m/
√

Hz around 100Hz, the seismic motion must be filtered before

being transmitted to the mirrors of an interferometer; the mirrors of an interferometric

gravitational wave detector are supported by vibration isolation systems.

According to the principle of gravitational detection, the mirrors of an interfer-
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Figure 2.8: Seismic motion of TAMA300 site (Mitaka, Tokyo).

ometric detector are suspended by pendulums. These pendulums themselves works

as vibration isolation systems. Usually, the resonant frequency of the pendulum is

around 1Hz. Since an attenuation of 1/f2 per stage is naively expected in the hor-

izontal direction, multistage pendulums are frequently employed in the suspension

system.

Further vibration isolation is required for gravitational wave detection. A tra-

ditional way to isolate vibrations is a passive isolator formed by layers of rubber

elastomers and metal blocks, called a stack [50, 51].

Additionally, many pre-isolators, seismic attenuators that isolate vibrations at

lower frequencies (∼ 100mHz), are proposed, enabling us to detect gravitational waves

at lower frequency.

Thermal noise

According to the fluctuation-dissipation theorem, a physical system with dissipation

causes a fluctuation of the system. The mirror of an interferometric gravitational wave

detector is suspended as a pendulum. The dissipation in the suspension system and

the mirror itself induces fluctuations of the mirror. Noise caused by these fluctuations
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is called thermal noise.

There are two fundamental thermal noises in interferometric gravitational wave

detectors: Thermal noise of the pendulum and thermal noise of the mirror.

Thermal noise of the pendulum is induced by the mechanical dissipation in the

suspension system. Assuming structural damping (frequency-independent) in the

suspension wires, the spectrum of the displacement noise above the resonant frequency

of the pendulum is given by

x̃pend =

√
4kBTω2

0

mω5Q
, (2.58)

where kB is Boltzmann constant, T is a temperature of the system, and ω0 is the

(angular) resonant frequency of the pendulum. The factor Q is called q-factor which

specifies the sharpness of the resonance. The q-factor is inversely-proportional to the

amount of dissipation in the system.

Thermal noise of the mirror is induced by the mechanical dissipation in the mirror.

Assuming the structural damping in the mirror, the spectrum of the displacement

noise below the resonant frequency of the mirror is given by

x̃mir =

√
4kBT

µωω2
0Q

, (2.59)

where µ is the reduced mass of the eigenmode of the mirror vibration. In reality,

there are many internal modes of the mirror and their total contribution must be

considered.

In addition to them, there are several kinds of thermal noises. However, here we

do not look them into.

Photon quantum noise

Photon quantum noise is a fundamental noise in interferometric gravitational wave

detectors. This type of noise is caused by the quantum nature of the light. There are

two kinds of photon quantum noises: shot noise and radiation pressure noise.

• Photon shot noise
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Assuming the ideal interference of a Michelson interferometer, the minimum

achievable phase sensitivity is given by

δφ =

√
2e

Imax

(2.60)

where e is the elementary charge, and Imax is difference of the light level between

the bright fringe and the dark fringe. If we use a laser with the output power

P , Imax is given by

Imax =
eηP

�Ω
(2.61)

where η is the quantum efficiency of the photodetector, � is reduced Planck

constant, and Ω is the angular frequency of the light. Therefore δφ is given by

δφ =

√
2�Ω

ηP
. (2.62)

From Eqs. (2.47), (2.48), (2.51), and (2.57), the minimum detectable gravita-

tional wave amplitude is given by

hmin =

√
2�Ω

ηP |HFPMI(ω)|2 . (2.63)

When the approximation, ωl/c � 1 and rF, rE ∼ 1 are imposed [52],

hmin =

√
�

2ΩηP

[
1

τ 2
s

+ ω2

]
, (2.64)

where τs is the storage time of gravitational wave signals in the arms.

Since the shot noise level is inversely-proportional to the square root of the laser

power P , a high power laser is required for interferometric gravitational wave

detectors. The effective laser power can also be increased by a technique called

power recycling, as described below.

• Radiation pressure noise

The radiation pressure noise is caused by the fluctuation of the photon number

incident on the test masses [53]. Assuming a coherent-state laser beam with a
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2.2. Detection of gravitational waves by Michelson interferometers

power P and a wavelength λ incident on a mirror with a mass of m, the resultant

back action caused by radiation pressure fluctuation noise is described by [54].

δxrad =

√
8�ΩP

mω2c
. (2.65)

In a Fabry-Perot-Michelson case, there are two mirrors in each arm. The back

action is enhanced by the bounce number NFP = 2F/π. In addition, the fluctu-

ation above the cut-off frequency of the arm cavity are rejected. Therefore the

radiation pressure noise in Fabry-Perot-Michelson interferometer is given by

δxrad = 2
2F
π

√
8�ΩP

mω2c

1√
1 + (τsω)2

. (2.66)

The radiation pressure noise is proportional to the square root of the incident

power, and inversely-proportional to ω2.

Within the bandwidth of the arm cavity, the shot noise has a flat response

and the radiation pressure noise is proportional to ω−2. Therefore, there is

a crossover. The total of these quantum noises at the crossover is called the

standard quantum limit (SQL), given by,

δxSQL =
1

2πωSQL

√
8�

m
, (2.67)

where ωSQL is the crossover (angular) frequency

ωSQL =

√
16πNFP

mcλP
. (2.68)

In order to realize the SQL at fSQL = 100Hz, a laser power of 6kW is required

when the mirror mass is M = 10kg, the wavelength is λ = 1064nm, and the arm

finesse is F = 100 (NFP = 64). This power is still too high for the current gener-

ation of interferometric detectors, therefore, the sensitivity of the interferometer

is improved by increasing the laser power incident on the interferometer.

39



Chapter 2. Gravitational wave detection with laser interferometers

A) FPMI B) Power-recycled FPMI

Recycling
Mirror

Figure 2.9: Implementation of power recycling to a Fabry-Perot-Michelson interferometer.

2.3 Power recycling

As described in Section 2.2.5, the shot-noise level of an interferometer is improved

in proportion to the square root of the incident power. The technique called power

recycling [55] increases the effective incident power, enclosing the laser power in the

interferometer, resulting in the improvement of the shot-noise level of an interfero-

metric gravitational wave detector.

Power recycling employs an additional partial mirror, called a recycling mirror, in

front of the beamsplitter (Figure 2.9). In order to minimize the shot-noise level of the

interferometer, the interference fringe is usually kept dark at the operating point. In

this case, a large part of the incident power is reflected back toward the laser source.

The recycling mirror reflects this returning light back to the beamsplitter, leading to

the enhancement of the power on the beamsplitter.

Enhancement of the internal power is determined by the reflectance of the re-

cycling mirror and the power loss in the interferometer. This fact is confirmed by

considering an optical cavity, called a recycling cavity, formed by the recycling mirror

and the rest of the interferometer, which can be treated as a compound mirror.

Consider the recycling mirror and the compound mirror with power reflectance of

RR and Rcom, respectively. When the recycling cavity satisfies the resonant condition,
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2.3. Power recycling

the power from the recycling mirror toward the compound mirror (PR) is given by

PR =

( √
1 − RR

1 −√
RRRcom

)2

Pin (2.69)

where Pin is the incident power. We can assume that the incident power is enhanced

in resonance by the factor G, that is

G =

( √
1 − RR

1 −√
RRRcom

)2

, (2.70)

where the loss on the recycling mirror is ignored. This G is called the power recycling

gain. For a fixed Rcom, G is a maximum when the condition

Rcom = RR (2.71)

is satisfied. In this case, all of the incident power goes into the interferometer and

no light is reflected by the recycling mirror; this situation is called critical coupling.

Under critical coupling of the recycling cavity, the power recycling gain is expressed

by

G =
1

1 − Rcom

. (2.72)

This means that the highest achievable recycling gain is limited by the loss in the

interferometer.

Figure 2.10 shows that the power recycling gain plotted as a function of RR with

several values of Rcom. One can see that G is a maximum when Eq. (2.71) is satisfied

(the dots in the figure). If Rcom < RR — the situation called under coupling — G

goes down quickly, while the dependence on RR is milder when Rcom > RR — the

situation called over coupling. In any case, the higher Rcom results in a higher value

for G. Therefore it is important to minimize the loss in the interferometer to realize

a high recycling gain. In this sense, schemes which require additional optics in the

interferometer, such as the internal modulation scheme, are undesirable.

Power recycling introduces various complexities to the interferometer. Power recy-

cling adds an additional degree of freedom to be controlled. The optical configuration

becomes complicated; it mixes the information of each arm, and also it makes the

recycling cavity and the arm cavities coupled. Therefore, it is crucial to establish a
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Chapter 2. Gravitational wave detection with laser interferometers

technique to realize robust control of power-recycled interferometers. In this thesis,

the author investigates a signal extraction scheme for this purpose.
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Figure 2.10: Power recycling gain G for several values of Rcom. The dots on the plots

represent the critical coupling.
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Chapter 3

Frontal modulation scheme

Feedback control is one of the most important issues in gravitational wave detection

with laser interferometers. In order to satisfy the principle of gravitational wave

detection, mirrors of interferometric gravitational wave detectors are suspended by

pendulums. Since large pendulum motions of the mirrors are excited by seismic

motion, feedback loops are needed in order to maintain the stable operation of the

interferometer at its highest sensitivity. A power-recycled Fabry-Perot-Michelson

interferometer (RFPMI) has four longitudinal degrees of freedom to be controlled.

The application of frontal modulation [56, 57] to extract signals for the control of

RFPMIs is described in several references [13, 14]. Since frontal modulation allows

us to extract all of the necessary four control signals without using any modulator

inside the interferometer, the frontal modulation scheme is considered to be one of

the most elegant techniques for the signal extraction of RFPMIs. The conventional

frontal modulation scheme proposed by these papers, however, has several problems

in separating some of the longitudinal signals.

In this chapter, the signal extraction of RFPMIs based on frontal modulation

is described. At first, an overview of the signal extraction is described. Next, the

signals extracted by the frontal modulation scheme is calculated. Then, a model

interferometer to evaluate the signals obtained with various optical parameters is

introduced.
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Chapter 3. Frontal modulation scheme

3.1 Control signals

The most significant signal of an interferometric detector is, of course, the waveform

of gravitational waves that is extracted from changes in the interference fringe. It

is also necessary to obtain signals for feedback controls that are used to achieve the

stable operation of the interferometer. They are important for several reasons listed

below:

• The response of the interferometer is nonlinear in general; the sensitivity to

gravitational waves highly depends on conditions of the interferometer such as

optical path-lengths between the mirrors, misalignment of the mirrors, and so

on.

• Since the mirrors of the interferometer are suspended with wires, large pendu-

lum motions of the mirrors are excited by seismic motion.

In order to fix the mirrors on the operating point where the sensitivity is maximized,

feedback controls are applied to many degrees of freedom of the interferometer using

signals that respond linearly to fluctuations of these degrees of freedom only around

the operating point. Once brought to the operating point, the interferometer becomes

an asymptotically linear system, and then, the stable operation is possible.

Longitudinal control of the mirrors is critical for operation of the interferometer;

it is completely impossible without the longitudinal control to keep the sensitivity

of the interferometer at its highest value. Moreover, many control signals for the

other feedback loops, such as an auto-alignment control, are obtained only when

the longitudinal controls are correctly working. The RFPMI has four longitudinal

degrees of freedom to be controlled (Fig. 3.1): the fluctuations of the arm cavity

lengths (δLI and δLP) and those of the distances between the recycling mirror and

the front mirrors (δlI and δlP). Since a Michelson interferometer naturally separate

optical length fluctuations into differential-mode and common-mode, it is useful to
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3.1. Control signals

LP

LIlI

lP
LASER RM FM(I) EM(I)BS

FM(P)

EM(P)

reflection
port

pick-off
port

detection
port

Figure 3.1: The optical configuration of a power-recycled Fabry-Perot-Michelson inter-

ferometer. The symbols LI, LP, lI and lP correspond to the four longitudinal degrees of

freedom.

represent these degrees of freedom by linear combinations such as


δL− = δLP − δLI

δL+ = δLP + δLI

δl− = δlP − δlI

δl+ = δlP + δlI .

(3.1)

Modulation is commonly employed for Michelson interferometers to extraction

of gravitational-wave signals even when the detection port is kept at a dark fringe,

where the shot noise is minimized. Also, modulation shifts the detection band from

DC to an RF frequency, where technical noises are lower. Frontal modulation, or

Schnupp modulation [56, 57] is one of the most elegant modulation scheme for the

signal extraction of Michelson-type interferometers. Frontal modulation is character-

ized by two things: a modulator placed just after the laser source and macroscopic

asymmetry intentionally introduced between the two Michelson arm lengths. Frontal

modulation has several advantages compared to other modulation scheme:

• It is not necessary to introduce modulators in the interferometer (c.f. internal

modulation [49]). Since modulator have large losses compared with mirrors,

introducing them in the interferometer is incompatible with power recycling.
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Chapter 3. Frontal modulation scheme

• The optical configuration remains simple. Frontal modulation does not intro-

duce any additional longitudinal degree of freedom to be controlled (c.f. external

modulation [58]).

• Frontal modulation does not apply additional mechanical modulation to the

mirrors.

δL−

LIlI

lP

LP

Q

LASER EOM
Faraday
Isolator

I Q

Phase
Shifter

LP

δL+

δl−

QI

δl+

δl+ δl−

QI

δL+1)

2) δL−

Figure 3.2: The conventional frontal modulation scheme.

The application of frontal modulation to the signal extraction of RFPMI is inves-

tigated by M. Regehr [13, 15] and R. Flaminio [14]. Figure 3.2 shows the proposed

signal extraction schemes. In this thesis this configuration is referred as “the con-

ventional frontal modulation scheme”. An electro-optic modulator (EOM) is inserted

between the laser source and the recycling mirror in order to generate phase mod-

ulation of the incoming laser beam to the interferometer. A Radio-Frequency (RF)

oscillator (ωm) is connected to the EOM, resulting in production of modulation side-

bands at frequency above and below the carrier frequency with a frequency spacing of

ωm. In order to extract the control signals, the electric fields are measured at several

places:
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3.2. Static response of the interferometer

Detection port (also called anti-symmetric port or AS port): The output of

the Michelson interferometer. The light returning from the arms is recombined

at the beamsplitter. That recombined light is directly obtained from this port.

Reflection port (also called symmetric port or SY port): The output of the

optical isolator (such as a Faraday isolator) placed between the EOM and the

recycling mirror. The reflected light from the recycling mirror is extracted from

this port.

Pick-off port (or PO port): The output of the pickoff mirror placed in the recy-

cling cavity1.

After the carrier and the modulation sidebands experience changes in amplitude and

phase, they are detected by the photodetectors at these output ports. The carrier

and the sidebands makes intensity-modulated photocurrents at ωm and its harmon-

ics. The information about the interferometer is acquired by demodulating these

photocurrents. The conventional scheme uses demodulation at ωm. At the AS port

the signal corresponding to δL− is obtained. At the SY and PO ports, the signals

corresponding to δL+, δl+ and δl− are obtained. In the next sections, the optical

conditions necessary to extract signals are described.

3.2 Static response of the interferometer

It is essential for the design of the control system to understand the static responses

of the interferometer to fluctuation of the optical path lengths because the power

spectrum of optical path-length fluctuation is largest in the low frequency region

(∼ 10Hz) where the interferometer’s behavior can be described by its static response.

The process of signal extraction consists of modulation with the modulator, reflec-

tion by the interferometer, detection at the signal extraction ports, and demodulation

1In order to obtain virtually same information as the pick-off port, it is also possible to use the

electric field reflected by an anti-reflection coating of one of the front mirrors.

47



Chapter 3. Frontal modulation scheme

by frequency mixers. Since each process is an individual physical phenomenon, the

extracted signals are obtained by calculating the following:

• Modulation: Amplitude and phase of the modulation sidebands generated by

the phase modulation.

• Reflection: Reflectances of the interferometer for the carrier and the sidebands,

and the change of the reflectances induced by the deviation of each degree of

freedom from the operating point.

• Detection: Photocurrent that is induced by the carrier and the sidebands

incident on the photodetector.

• Demodulation: Signals that are obtained by demodulating the photocurrent.

Each of the above is described in the following sections.

3.2.1 Modulation

LASER

ωm, m

EOM
Einc Ein= Ein,nΣ

n

Figure 3.3: Phase modulation at angular frequency ωm with modulation index m is ap-

plied to the incident light (Einc) by an electro-optic modulator (EOM), resulting in the

modulation sidebands (Ein).

Assuming the incident light Einc is a monochromatic electric field given by:

Einc(t) = EL eiΩt, (3.2)

where EL is the amplitude of the electric field, and Ω is the angular frequency of

the light, when the phase modulation at ωm is applied (Fig. 3.3), the modulation
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3.2. Static response of the interferometer

sidebands are generated at the frequency separated from the carrier frequency Ω by

nωm (n = ±1, ±2, . . .). The resultant electric field of the beam is expressed as the

superposition of the n-th order sidebands:

Ein = Einc eim cos ωmt (3.3)

= EL ei(Ωt+m cos ωmt) (3.4)

≡
∞∑

n=−∞
Ein,n (3.5)

Ein,n = i|n| J|n|(m) einωmtEL, (3.6)

where m is the modulation index, and Jn(m) is the nth-order Bessel function. This

expression is also consistent for the carrier, treating the carrier as the 0th-order side-

band. In this thesis, we sometimes denote the carrier as “CA”, and the nth-order

sidebands as “SBn” (n = ±1, ±2, ) as shown in Fig. 3.4. A pair of the upper (n > 0)

and lower (n < 0) sidebands, for instance SB1 and SB−1, are referred to as “SB1s”.
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Figure 3.4: The modulation sidebands produced around the carrier frequency Ω.

3.2.2 Reflectances of the interferometer

The response of the interferometer is determined by the amplitude and phase changes

of the light at the AS, SY, and PO ports. In this section, the complex transmission
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coefficient of the interferometer from the injection point to these signal extraction

ports are described.

The complex reflectances of the RFPMI at each port is computed by breaking

down the interferometer into each part, namely the Fabry-Perot arms, the Michelson

interferometer, and the recycling mirror. Once the complex reflectance of each Fabry-

Perot arm is obtained, it can be treated as a single mirror with a complex reflection

coefficient that is a function of optical frequency. In a similar way, the Fabry-Perot

Michelson interferometer is also treated as a single mirror. Particularly, this “mirror”

is hereafter called a “compound mirror”. Then, the RFPMI is treated as a single

cavity formed by the recycling mirror and the compound mirror.

Arm cavity

Consider an arm cavity with a length of L (Fig. 3.5). The amplitude reflectance

and the transmittance of the front mirror are represented by rF and tF, respectively.

Those of the end mirror are rE and tE, respectively. We assume that the mirrors have

a positive amplitude reflectance at their coating surface, which are indicated by the

thick lines in Fig. 3.5, and a negative reflectance at the opposite sides.

The reflectance and the transmittance (from the end mirror) of the arm cavity

are denoted for an arbitrary round-trip-phase Φ by

rarm(Φ) = −rF +
t2FrE e−iΦ

1 − rFrE e−iΦ
(3.7)

tarm(Φ) =
tFtE e−iΦ/2

1 − rFrE e−iΦ
, (3.8)

where the round-trip-phase is

Φ =
2LΩ

c
. (3.9)

The reflectance and the transmittance are depicted as a function of the round-trip-

phase in Fig. 3.6. At resonance, the reflection and the transmission become minimized

and maximized, respectively. The phase change of the reflectance becomes very large

at the resonance, while the phase does not change so much at off-resonance.
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rF, tF rE, tE

Figure 3.5: Arm cavities of RFPMI.

round
trip
phase
φ2(n−1)π         2nπ         2(n+1)π     2(n+2)π

|tarm(φ)|

|rarm(φ)|

Arg[rarm(φ)]

Figure 3.6: The response of a Fabry-Perot cavity (for the over-coupled cavity case as used

for the arm cavities).
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Compound mirror

Compound Mirror

rarm(ΦP)
rarm(ΦI)

φI

φP

tcomAS(ΦI,ΦP, φI,φP)

tcomPO(ΦI,ΦP, φI,φP)

rcom(ΦI,ΦP, φI, φP)

Figure 3.7: The compound mirror formed by the Michelson interferometer with the cavity

arms

The response of the Fabry-Perot-Michelson part can be encapsulated by assuming

it to be a compound mirror (Fig. 3.7). Going through the pick-off mirror with a

reflectance and transmittance of tPO and rPO, an incoming beam from the recycling

mirror to the compound mirror (Erec) is divided by the beamsplitter into two beams,

and then injected into the arms. The arms reflect these beams with reflectances

described in the previous section. The returning light from the arms is recombined

at the beamsplitter again. The recombined light exits from the compound mirror in

three ways: reflected toward the recycling mirror (Eref), transmitted to the AS port

(EAS), and transmitted to the PO port (EPO). The complex transmission coefficients
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to the output ports are defined as

rcom(ΦI, ΦP, φI, φP) =
Eref

Erec

(3.10)

tcomAS(ΦI, ΦP, φI, φP) =
EAS

Erec

(3.11)

rcomPO(ΦI, ΦP, φI, φP) =
EPO

Erec

, (3.12)

respectively, where Φx and φx represent the round-trip-phase in each arm and each

recycling cavity length, respectively. The suffices ‘I’ and ‘P’ indicate the inline arm

and the perpendicular arm, respectively. These complex coefficients are explicitly

given by

rcom(ΦI, ΦP, φI, φP) =
t2PO

2

[
rarm(ΦP)e−iφP + rarm(ΦI)e

−iφI
]

(3.13)

tcomAS(ΦI, ΦP, φI, φP) =
tPO

2

[
rarm(ΦP)e−iφP − rarm(ΦI)e

−iφI
]

(3.14)

tcomPO(ΦI, ΦP, φI, φP) =
rPO

tPO

rcom(ΦI, ΦP, φI, φP) . (3.15)

Recycling cavity

rR, tR

rcom

Compound Mirror

φI

tcomAStcomPO

Figure 3.8: The recycling cavity formed by the recycling mirror and the compound mirror

The recycling mirror and the compound mirror form the recycling cavity (Fig. 3.8).

53



Chapter 3. Frontal modulation scheme

The amplitude reflectance of the recycling cavity is computed in a similar way to the

case of Fabry-Perot arm. It is given by

rSY(ΦI, ΦP, φI, φP) = −rR +
t2Rrcom(ΦI, ΦP, φI, φP)

1 − rRrcom(ΦI, ΦP, φI, φP)
, (3.16)

where rR and tR are the reflectance and the transmittance of the recycling mirror.

Note that round-trip-phase in the recycling cavity has already been taken into account

by rcom.

The amplitude and phase of the beam incident on the beamsplitter depend on the

resonant condition in the recycling cavity. To describe this dependence, the factor g,

the amplitude recycling gain, is used. It is defined by

g(ΦI, ΦP, φI, φP) =
Erec

Ein
=

tR
1 − rRrcom(ΦI, ΦP, φI, φP)

. (3.17)

Using the amplitude recycling gain, the over all complex transmission coefficients

from the incident light on the recycling mirror to the signal extraction ports are given

by

rSY(ΦI, ΦP, φI, φP) =
ESY

Einc
= −rR + g tRrcom (3.18)

tAS(ΦI, ΦP, φI, φP) =
EAS

Einc
= g tcomAS (3.19)

rPO(ΦI, ΦP, φI, φP) =
EPO

Einc
= g tcomPO . (3.20)

3.2.3 Photocurrent

Each photodetector receives the electric field reflected by the interferometer. The

injected carrier and sidebands are reflected by the interferometer with complex re-

flectances xn. The electric field on the surface of the photodetector EPD is represented

by the superposition of the carrier and the sidebands:

EPD =
∞∑

n=−∞
EPD,n (3.21)

EPD,n = xn Ein,n. (3.22)
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Interference of the electric field on the photodetector induces photocurrent at both

DC and the RF frequencies. The resulting photocurrent is represented by

IPD = η

( ∞∑
j=−∞

EPD, j

)( ∞∑
j=−∞

E∗
PD, j

)
, (3.23)

where η is the detection efficiency of the photodetector. Note that here many effects

such as the aperture of the photodetector were ignored, and the conversion of the

unit is provided by η. The photocurrent IPD is decomposed into each frequency

component:

IPD ≡
∞∑

n=0

IPDn (3.24)

≡
∞∑

n=0

ĨPDneinωmt . (3.25)

In particular, the DC component of the photocurrent is expressed by the sum of the

light power of the carrier and the sidebands, that is

IPD0 =
∞∑

n=−∞
η EPD,nE∗

PD,n , (3.26)

and explicitly written in the following form:

IPD0 =

∞∑
j=−∞

IPD0,j (3.27)

IPD0,n = η EPD,n E∗
PD,n (3.28)

= η |xn|2 |Ein,n|2 (3.29)

= η |xn|2 J2
n(m) |EL|2. (3.30)

The ±ωm component of the photocurrent is given by the interference of the SBj

and SBj − 1, that is

IPD1 =
∞∑

n=−∞
η EPD,nE∗

PD,n−1 , (3.31)

IPD−1 =
∞∑

n=−∞
η EPD,n−1E

∗
PD,n . (3.32)
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As this shows, IPD−1 is a complex conjugate of IPD1. Therefore, the sum of these

photocurrents becomes a real value and the ωm component of the photocurrent is

obtained just by computing 2 Re(IPD1e
iωmt). We hence consider only IPD 1. The

photocurrent IPD 1 is broken down and categorized by the orders of the electric fields

that are concerned with each term, as below:

IPD1 =
∞∑

j=0

IPD1,j (3.33)

IPD1,j = η
(
EPD,−j E∗

PD,−j−1 + EPD,j+1 E∗
PD,j

)
(3.34)

= i η Jj(m)Jj+1(m)eiωmt|EL|2
(
xj+1 x∗

j − x−j x∗
−j−1

)
. (3.35)

For a preparation of Chapter 4, it is useful to calculate photocurrent at the third-

harmonic frequency (3ωm) of the phase modulation. This photocurrent IPD 3 is also

categorized by the orders of the electric fields, that is

IPD3 =

∞∑
j=−1

IPD3,j (3.36)

The lowest order components of the photocurrents (IPD3,−1 and IPD3,0) are given by

the beating of SB−1 and SB2 and the beating of the CA and SB3. The former is

given by

IPD3,−1 = η
(
EPD,1E

∗
PD,−2 + EPD,2E

∗
PD,−1

)
(3.37)

= η (x1x
∗
−2 − x2x

∗
−1) (−i) J1(m)J2(m)ei3ωmt|EL|2 , (3.38)

and the later is given by

IPD3,0 = η
(
EPD,0E

∗
PD,−3 + EPD,3E

∗
PD,0

)
(3.39)

= η (x0x
∗
−3 − x3x

∗
0) i J0(m)J3(m)ei3ωmt|EL|2 . (3.40)

Similar to the later case, higher-order terms are expressed as

IPD3,j = η
(
EPD,jE

∗
PD,−j−3 + EPD,j+3E

∗
PD,j

)
(3.41)

= η (x,jx
∗
,−j−3 − x,j+3x

∗
,j) i Jj(m)Jj+3(m)ei3ωmt|EL|2 (3.42)

(j = 1 . . .) . (3.43)
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3.2.4 Demodulation

The control signals are extracted by demodulating the RF photocurrent. Each pho-

tocurrent and local oscillator signal are multiplied by frequency mixers in the demod-

ulators. The resultant output signals of the mixers have RF components and AF

(audio frequency) components. Only the AF components are extracted as demodu-

lated signals.

In the conventional frontal modulation scheme, only local oscillators at an an-

gular frequency of ωm are used. Two independent signals are extracted from each

photocurrent, called the in-phase and the quadrature-phase signals2. The in-phase

demodulated signal V
(I)
1 for the photocurrent IPD1 is expressed by

V
(I)
1 = gdet

1

T

∫ T

0

2Re(IPD1) cos ωmt dt , (3.44)

and the quadrature-phase V
(Q)
1 is

V
(Q)
1 = gdet

1

T

∫ T

0

2Re(IPD1) sinωmt dt , (3.45)

where T is the time constant of the low-pass filter applied to the output of the

frequency mixer, and is much longer than the period of the local oscillator Tm =

2π/ωm. A constant gdet represents the gain of the demodulation circuit.

The expressions for these demodulated signals are written in termsof the electric

fields. The in-phase signal extracted from the fragment of the photocurrent IPD1,j is

given by

V
(I)
1,j = gdet

1

T

∫ T

0

2Re(IPD1,j) cos ωmt dt (3.46)

= −ηgdet Jj(m)Jn+1(m)|El|2 Im
[
x,j+1x

∗
,j − x,−jx

∗
,−j−1

]
, (3.47)

and the quadrature phase is given by

V
(Q)
1,j = gdet

1

T

∫ T

0

2Re(IPD1,j) sin ωmt dt (3.48)

= −ηgdet Jj(m)Jn+1(m)|El|2 Re
[
x,j+1x

∗
,j − x,−jx

∗
,−j−1

]
. (3.49)

2These definitions are expedient. In reality the demodulation phases to give the in-phase and

the quadrature-phase are dependent on location of photodetectors, length of the cables for the

modulator, photodetectors, and local oscillators.
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In preparation of Chapter 4, it is useful to calculate signals demodulated by the

third-harmonic frequency of the phase modulation. Here the in-phase and quadrature

phase demodulations are defined similarly to the ωm case, giving

V
(I)
3 = gdet

1

T

∫ T

0

2Re(IPD3) cos 3ωmt dt (3.50)

V
(Q)
3 = gdet

1

T

∫ T

0

2Re(IPD3) sin 3ωmt dt , (3.51)

and

V
(I)
3,j = gdet

1

T

∫ T

0

2Re(IPD3,j) cos 3ωmt dt (3.52)

V
(Q)
3,j = gdet

1

T

∫ T

0

2Re(IPD3,j) sin 3ωmt dt . (3.53)

They can be written in terms of the complex reflectance coefficients (xn) for the lowest

order components,

V
(I)
3,−1 = ηgdet J1(m)J2(m)|El|2 Im

[
x1x

∗
−2 − x2x

∗
−1

]
(3.54)

V
(Q)
3,−1 = ηgdet J1(m)J2(m)|El|2 Re

[
x1x

∗
−2 − x2x

∗
−1

]
(3.55)

V
(I)
3,0 = −ηgdet J0(m)J3(m)|El|2 Im

[
x0x

∗
−3 − x3x

∗
0

]
(3.56)

V
(Q)
3,0 = −ηgdet J0(m)J3(m)|El|2 Re

[
x0x

∗
−3 − x3x

∗
0

]
, (3.57)

and for the higher order components

V
(I)
3,j = −ηgdet Jj(m)Jj+3(m)|El|2 Im

[
xjx

∗
−j−3 − xj+3x

∗
j

]
(3.58)

V
(Q)
3,j = −ηgdet Jj(m)Jj+3(m)|El|2 Re

[
xjx

∗
−j−3 − xj+3x

∗
j

]
, (3.59)

where j = 1, 2, . . . .

3.2.5 Optical design

In the previous sections, the static response of the interferometer was described for

the general case. In this section, the optical design and the operating conditions

necessary for high sensitivity, are described.
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3.2. Static response of the interferometer

Arm cavities

The carrier must be kept resonant with the arms at the operating point because the

amplitude of the signal sidebands caused by the arm length fluctuation is proportional

to the power accumulated in the arm cavities.

On the other hand, the modulation sidebands are usually designed not to be

resonant in the arms at the operating point, so the sidebands do not efficiently transfer

information of the cavity lengths. Owing to the narrow width of the cavity resonance,

it is thought impossible to resonate any other sidebands in the arm cavity3 unless one

employs feedback control such as the sideband transmission technique [60, 61]. The

reflectance of the arm for the sidebands are described by the phase shift relative to

the carrier. At the resonant condition for the carrier, the round-trip-phase for the

carrier (Φ0) is given by,

Φ0 ≡ 0 (mod 2π) . (3.60)

The sideband SBn experiences an additional phase shift of n ∆Φarm relative to the

carrier. That is

Φn ≡ Φ0 + n ∆Φarm (3.61)

= Φ0 + n
2Lωm

c
. (3.62)

Consequently, the reflectance of the arm for the carrier and the sidebands are written

as,

rarm,n ≡ rarm,n(Φn) (3.63)

= rarm,n(n∆Φarm) (3.64)

= −rF +
t2FrE e−in∆Φarm

1 − rFrE e−in∆Φarm
. (3.65)

The arm cavities of RFPMIs are designed to be highly over-coupled for the reso-

nant electric field; the reflectance of the end mirrors are made as high as possible in

order to minimize losses caused by transmission through the end mirrors. This design

3In this thesis signal extraction with the sidebands resonant in the arms is not considered. For

such a signal extraction scheme, refer the paper [59].
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Chapter 3. Frontal modulation scheme

results in the reflectance of the arms being nearly unity for the non-resonant sidebands

as well as the resonant carrier. The high reflectance for the carrier is important to

achieve a high recycling gain. Note that the arm reflectance for the resonant carrier

is slightly smaller than unity because of the loss inside the cavity. In addition, the

sign of the reflectance for the carrier is the opposite of the anti-resonant electric field.

The two arms are made as similar as possible to avoid degrading the common-mode

rejecting nature of Michelson interferometers.

Michelson fringe

When rcom and tcomAS are evaluated with the round-trip-phases for the arms at the

operating point, Eqs. (3.13) and (3.14) are expressed by

rcom(∆Φarm, ∆Φarm, φI, φP) = t2POrarm,n cos(φ− + nα) e−φ+/2−inβ (3.66)

tcomAS,n = −i tPOrarm,n sin(φ− + nα) e−φ+/2−inβ , (3.67)

where, φ± = φP ± φI , and the factors α and β represent extra phase shifts for the

sidebands in the recycling cavity, defined by

α =
l−ωm

c
(3.68)

β =
l+ωm

c
. (3.69)

First, consider the interference condition for the carrier. The fringe at the AS

port is made dark for the carrier, giving

φ− ≡ 0 (mod 2π) . (3.70)

Making the fringe dark is necessary for RFPMIs to realize a high signal sensitivity

and a low noise level. Less light at the photodetector reduces the photon shot noise

in the photocurrent. In addition, the dark fringe at the AS port makes the power

recycling gain maximized since the reflectance of the compound mirror toward the

recycling cavity is a maximum.

Returning to the modulation sidebands, the factor α in Eqs. (3.66) and (3.67) de-

termines the effect of the asymmetry on the sidebands; this α determines the fraction
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3.2. Static response of the interferometer

of the leakage sidebands at the AS port relative to the level of the sidebands in the

recycling cavity. Therefore α is related to the level of the sidebands at the AS port.

At the same time, α gives loss to the sidebands at the reflection of the compound

mirror.

The factor β is described in the next section for the recycling cavity.

Recycling

The carrier must be made resonant in the recycling cavity to illuminate the arms. In

addition to the carrier, at least the SB1s must also be resonant in the recycling cavity

in order to allow us to obtain a gravitational wave signal at the dark port.

The resonant condition for the carrier in the recycling cavity is represented by

φ+

2
≡ 0 (mod 2π) , (3.71)

where φ+ is the total round-trip-phase for the carrier in the recycling cavity.

The resonant conditions for the carrier and the sidebands in the arms and the

recycling cavity are summarized in Table 3.1. To make the SB1s resonate in the recy-

cling cavity, the SB1s must satisfy the resonant condition taking into account the arm

reflectance. The factor β corresponds to the average phase shift that is accumulated

by the sidebands in the recycling cavity. The arm provides an additional phase shift

of π for the non-resonant sidebands relative to the resonant carrier. Therefore, the

length of the recycling cavity and the modulation frequency are configured so that

the following condition is satisfied:

β ≡ π (mod 2π) . (3.72)

In this configuration the recycling cavity gives an additional phase shift of n π to

SBns. As a consequence, the odd-order sidebands resonate in the recycling cavity,

while the even-order sidebands do not, assuming that the asymmetry is small enough

not to give an additional π phase shift.

At the operating point described so far, in terms of the reflectance to each pho-

todetector for the carrier and the sidebands are described with the optical parameters.
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Chapter 3. Frontal modulation scheme

resonance phase shift phase shift resonance

Order in the arms from the arms in RC in RC

0 resonant 0 0 resonant

1 non-resonant π π resonant

2 non-resonant π 2π non-resonant

3 non-resonant π 3π resonant

Table 3.1: The resonant conditions of the carrier and the sidebands for the recycling cavity

and the arm cavities. In the table, RC means the recycling cavity.

The coefficients rcom, tcomAS, and tcomPO for the carrier and the sidebands are expressed

as

rcom,n = (−1)nt2POrarm,n cos nα (3.73)

tcomAS,n = (−1)n+1 i tPOrarm,n sin nα (3.74)

tcomPO,n =
rPO

tPO
rcom,n . (3.75)

The factor gn, amplitude recycling gain, is given by

gn =
tR

1 − rRrcom,n
. (3.76)

The reflectances to the SY, AS, and PO port are given by

rSY,n = −rR + gntRrcom,n (3.77)

tAS,n = gntcomAS,n (3.78)

rPO,n = gntcomPO,n . (3.79)

At the operating point, all of the complex reflectances to the signal extraction

ports become real values in an ideal situation. In particular, the signs of rSY ,n are

determined by the coupling of the electric fields to the recycling cavity. The coupling

of the carrier to the recycling cavity depends on the reflectances of the recycling

mirror and the compound mirror. In order to maximize the carrier power gain in the

recycling cavity, the carrier is critically coupled to the recycling cavity; the reflectance
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3.3. Model interferometer

of the recycling mirror is set to be same as that of the compound mirror for the carrier.

This condition is represented by

CA: Critical coupling (rSY,0 = 0) |rR| = |rcom,0| . (3.80)

The optimum rR is mainly determined by the loss in the arms and finite contrast.

The conditions for over-coupling and under-coupling are given as follows:

CA: Over coupling (rSY ,0 > 0) |rR| < |rcom,0|
CA: Under coupling (rSY ,0 < 0) |rR| > |rcom,0| .

(3.81)

Similarly, the couplings of the odd-order sidebands to the recycling cavity depend

on the reflectances of the recycling mirror and the compound mirror. Since the arm

reflectances are very high for the sidebands, the reflectance of the compound mirror

is largely determined by the amount of asymmetry. The condition for each coupling

stateis given as follows:

SBn: Over coupling (rSY ,n > 0) |rR| < |rcom,n|
SBn: Critical coupling (rSY ,n = 0) |rR| = |rcom,n|
SBn: Under coupling (rSY ,n < 0) |rR| > |rcom,n|
(n : odd)

(3.82)

As we mentioned above, the even-order sidebands are not resonant in the recycling

cavity; they are always under-coupled to the recycling cavity.

3.3 Model interferometer

In order to evaluate the signal extraction schemes, a realistic model of a large-scale

interferometer is introduced. The parameters used in this interferometer are summa-

rized in Table 3.2. In the calculations, we have taken into account the higher-order

sidebands up to third order.
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Symbol Value

Modulation frequency fm (≡ ωm/2π) 15 MHz

Modulation index m 0.8 rad

Arm length L 3 km

Length of recycling cavity l+/2 5 m

Asymmetry l− 0.8

Reflectivity of the front mirrors r2
F 0.97

Reflectivity of the end mirrors r2
E 0.9999

Reflectivity of the recycling mirror r2
R 0.95

Transmittance of the pick-off mirror t2P 0.995

Loss of the mirrors 100 ppm

Reflectivity of AR coating 0.001

Interference efficiency 0.99

Table 3.2: The numerical parameters of the model interferometer used in the calculations.

Arm cavity

The interferometer is designed to have an arm length of 3km and an arm finesse (F
≡ π

√
rFrE/(1 − rFrE)) of 206, which corresponds to a cut off frequency 4 (fcutoff =

c/4 LF) of 121 Hz. Loss from the mirrors is taken into account as a deterioration of

the transmittance. The power reflectance of the arm cavity for the resonant electric

field is 97.4%. A fraction of 1.3% of the power is dissipated from each mirror.

Recycling cavity length

The modulation frequency fm(≡ ωm/(2π) of 15MHz was selected. The average recy-

cling cavity length lrec is set to be 4.997m. This length is derived from the following

formula:

lrec =
λmod

4
=

c

4fm
(3.83)

4Note that the frequency response does not have any significance in the computation as the

numerical calculation is based on the static response of the interferometer.
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3.3. Model interferometer

where λmod is the wavelength of the RF modulation.

Recycling gain for the carrier

The recycling gain for the carrier is maximized when the reflectance of the compound

mirror matches that of the recycling mirror. The maximum recycling gain is deter-

mined by the arm reflectance and the loss in the recycling cavity. The recycling gain

for the carrier is shown in Fig. 3.9. In our model interferometer, the maximum gain

is 20.2 with a recycling mirror reflectance of 0.95.

Coupling (reflectance)

The coupling of the carrier to the recycling cavity becomes critical at RR = 0.95

(Fig. 3.10). The reflectance above and below 0.95 makes the recycling caivty under-

and over-coupled to the carrier, respectively.

On the contrary to the carrier, the coupling of the first-order sidebands depends on

the asymmetry because the transmission of the sidebands to the AS port is determined

by the asymmetry (Fig. 3.11).

Fixing RR at 0.95, the first-order sidebands are critically coupled at an asymmetry

l− of 0.52m (Fig. 3.12). An asymmetry longer or shorter than 0.52m makes the

recycling cavity over- and under-coupled to the first-order sidebands, respectively.
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Figure 3.9: Power recycling gain for the CA as a function of RR
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The carrier is critically coupled at RR = 0.95.
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Chapter 4

Signal extraction scheme using

harmonic demodulation

In this chapter, a signal extraction scheme for RFPMIs using harmonic demodulation

is described [21]. In this scheme, signals corresponding to δl+ and δl− are obtained at

the SY port by demodulating at the third-harmonic frequency of the phase modulation

— hereafter we call this demodulation scheme the “3ωm demodulation scheme”.

This scheme has several advantages in comparison with the conventional scheme.

This technique is implemented by just introducing additional demodulation circuits;

it is not necessary to modify the basic optical configuration of RFPMI as used in the

conventional scheme. The demodulated signal in the 3ωm scheme inherently has less

contamination from the contribution of δL+ than in the conventional scheme. More-

over, a couple of options are available for further reduction of the δL+ contribution.

In contrast to the conventional scheme, the signals with this scheme do not vanish

for typical optical parameters. This fact leads to the robustness of the signs and the

amplitudes of the signals against change in the optical parameters and the optical

conditions in the interferometer.

These features of the 3ωm demodulation scheme are described in this chapter, and

the 3ωm signals are compared to the signals of the conventional scheme.
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Chapter 4. Signal extraction scheme using harmonic demodulation

4.1 The 3ωm demodulation scheme

4.1.1 Principle

In the 3ωm demodulation technique, the δl+ and δl− components are extracted by

demodulating the photocurrent of the SY port using local oscillators at the third-

harmonic frequency of the frontal phase modulation (Fig. 4.1, inside of the dashed

box). The local oscillators at 3ωm are generated from the modulation oscillator at ωm

using frequency triplers. The photocurrent of the SY port and the local oscillator at

3ωm are fed into a frequency mixer, resulting in down-conversion of the photocurrent

at 3ωm to around the DC frequency.

LP

δL+
δl−δl+

δL+
δl− δL+ δL−

LIlI

lP

Q Q

LASER EOM

Faraday

Isolator

I Q

Phase

Shifter

III Q
3ωm3ωm

δl+

3ωm scheme

Figure 4.1: Third-harmonic demodulation scheme implemented on a power-recycled

Fabry-Perot-Michelson interferometer.

The signal extraction with the 3ωm demodulation naturally involves SB2s and

SB3s. Each sideband generated by the phase modulation is reflected by the interfer-

ometer with a different reflectance. They make intensity-modulated photocurrent at

2ωm, 3ωm, 4ωm as well as at ωm. The photocurrent at 3ωm is produced by the beating

of SB1 and SB−2, and the beating of the CA and SB3s.
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In order to have an error signal of δl+, the phase shift of SB1s induced by the

fluctuation of δl+ must be detected in the RF region by mixing with the other order

sidebands. In the conventional scheme, this conversion to the RF is done by the

CA 1, while for the 3ωm scheme it is done by the SB2s. The SB2s are not resonant

in the recycling cavity and a constant amount of the SB2s are reflected to the SY

port, independently from the optical parameters and the resonant conditions of the

interferometer. Also the phase shifts of the CA and SB3s are detected by SB3s and

the CA, respectively, though the δl+ component from these contributions is not as

large as that by SB1s and SB2s.

4.1.2 Advantages of the 3ωm demodulation scheme

The 3ωm demodulation scheme has several advantages against the conventional de-

modulation scheme:

• The demodulated signal with this scheme is inherently more separated from the

contribution of δL+ than the demodulated signal with the conventional scheme.

Moreover, there are several ways to eliminate the contribution of δL+ from the

demodulated signal.

The demodulated signals at the SY and PO ports with the conventional frontal

modulation are sensitive to both δL+ and δl+. The sensitivities to δL+ are, in

general, hundreds of times larger than to δl+. This may cause instability of the

control system. In other word, to avoid such an instability, some restrictions

must be accepted and careful choice of the optical parameters is necessary.

• The δl+ and δl− components in the 3ωm-demodulated signals are robust against

the change of the optical parameters. The signs of the δl+ and δl− components

with the 3ωm scheme do not depend on the optical parameters. This fact means

that these components never disappear with typical choice of the optical pa-

rameters. The amplitude of the δl+ and δl− components with the 3ωm scheme

1More precisely, in the conventional scheme the phase shift of the CA induced by the fluctuation

of δl+ is down-converted by SB1s. This term also contributes to the signal.
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Chapter 4. Signal extraction scheme using harmonic demodulation

are less dependent on the optical parameters in comparison to those with the

conventional scheme.

The δl+ and δl− components with the conventional scheme may disappear for

typical choice of the optical parameters. Even if these components are present

in the demodulated signal, large variations of the optical gain may be caused

by the fluctuation of the optical parameters.

• The amplitudes and the signs of the δl+ and δl− components with the 3ωm

scheme are stable even during lock acquisition.

The sign of the δl+ and δl− components with the conventional scheme may

change during lock acquisition — the process to acquire the operational state. In

order to maintain the stability of the control system, it is necessary to introduce

complicated schemes such as restrictions on the design of the feedback filters,

the use of adaptively variable filters, and sign-switching during lock acquisition.

• The four degrees of longitudinal freedom of RFPMI can be extracted without

using the pick-off port inserted in the recycling cavity.

4.1.3 Signals with the conventional scheme and the 3ωm scheme

In order to understand the behavior of the signals against the various change of the

optical parameters and conditions of the interferometer, the signals at the SY port

are calculated analytically. They are expressed by the arm length deviations (δL+,

δl+, and δl−), Bessel functions — which is related to the amplitudes of the sidebands

—, recycling gain (gn), asymmetry (α), and reflectance of the arm (rarm,n) and the

interferometer (rSY,n) for the carrier and the sidebands. The expressions r′arm,n means

the derivative of the arm reflectance in terms of the round-trip-phase in the arm, that

is

r′arm,n =
∂rarm(Φ)

∂Φ

∣∣∣∣
Φ=n2Lωm/c

(4.1)

Note that the derivatives of the arm reflectance for the sidebands (r′arm,n where n > 1)

are omitted because the sidebands are non-resonant with the arms and thus these
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4.2. Reduction of the δL+ component in the SY port signal

derivatives are negligible compared with the other terms. In addition, common factors

such as gdet, η, and so on have been neglected for simplicity.

The SY port in-phase and quadrature-phase signals with the ωm demodulation

are

V
(I)
1 = − J0(m)J1(m) g2

0rSY,1|r′arm0| δL+

− J0(m)J1(m)
(
g2

0rSY,1rarm0 + g2
1rSY,0rarm1 cos α

)
δl+ (4.2)

V
(Q)
1 = − J0(m)J1(m) g2

1rSY,0rarm1 sin α δl− . (4.3)

Note that only the lowest order has been calculated. Only the CA and SB1s are

involved in the calculation.

The SY port in-phase and quadrature-phase signals with the 3ωm demodulation

are

V
(I)
3 = − J0(m)J3(m) g2

0rSY,3|r′arm,0| δL+

− J1(m)J2(m)g2
1rSY,2rarm,1 cos α δl+

− J0(m)J3(m)
(
g2

0rSY,3rarm,0 + g2
3rSY,0rarm,3 cos 3α

)
δl+ (4.4)

V
(Q)
3 = − J1(m)J2(m)g2

1rSY,2rarm,1 sin α δl−

− J0(m)J3(m)g2
3rSY,0rarm,3 sin 3α δl− . (4.5)

Note that the third-order in m has been calculated; The sideband up to the third-

order has been involved in the calculation.

4.2 Reduction of the δL+ component in the SY

port signal

One of the advantages of the 3ωm technique is that the demodulated signal inherently

has better separation from δL+ compared to the ωm-demodulated signal.

With the conventional frontal modulation the demodulated signals that are sen-

sitive to δl+ also have high sensitivity to δL+. The arm cavities enhance the phase

shift of the carrier induced by the deviation of the arm lengths, resulting in large
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amplitudes of the signal corresponding to δL+. This effect of the enhancement by the

cavities at the reflection port is represented by |rarm
′
,0| in the first term in Eq. (4.2).

Typically, this first term is several hundreds times larger than the other terms for the

same amplitude of δL+ and δl+.

Control gain constraint caused by sensitivity mixing

The instability of the control system due to the cross-sensitivity between the δL+ and

δl+ was well investigated by M.W. Regher in his thesis [15]. The detailed analysis is

also given in Appendix B. Denoting the common mode components at the SY and

PO ports, normalizing by the sensitivity to δL+, gives

VSY = δL+ + ε1δl+ (4.6)

VPO = δL+ + ε2δl+ . (4.7)

We suppose the SY port is used to control δL+ and the PO port is used to control δl+.

If we control δL+ with a wide bandwidth and a large control gain, VSY is suppressed

to nearly zero. As a result of this feedback control, a relationship δL+ = −ε1δl+ is

imposed. Then, it makes the signal at the PO port

VPO = (ε2 − ε1)δl+ . (4.8)

This means that the sign of the δl+ component at the PO port may depends on the

control gain of the δL+ loop when either

ε1 > ε2 > 0 (4.9)

or

ε1 < ε2 < 0 (4.10)

is satisfied. If one of these conditions is satisfied, the sign of the δl+ component does

depend on the control gain of δL+. This situation is called “gain constrained”. When

the PO port is used to control δL+, a similar gain constraint exists when ε1 and ε2

are exchanged in the conditions Eqs. (4.9) and (4.10)
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Comparison of separation ratio

In order to compare the separation of the SY port signal from δL+ for the two signal

extraction schemes, we introduce the separation ratio for the nωm-scheme Sn, defined

as

Sn =
∂V

(I)
n

∂l+
/
∂V

(I)
n

∂L+

. (4.11)

where a bigger Sn means a better separation from the δL+ component for extracting

δl+. In Fig. 4.2, S1 and S3 for our model interferometer are plotted as functions of

the asymmetry. In this calculation the reflectance of the recycling mirror (RR) is 0.95

so that the recycling gain for the carrier is maximized. The separation is actually

more than 30 times better with the 3ωm scheme when the asymmetry is smaller than

0.4 m.

By introducing very rough approximations, the separation of the δl+ components

from the δL+ component are explained for typical sets of the optical parameters.

Assuming a small asymmetry, i.e. α � 1, the recycling factors are comparable for

the CA and the odd-order SBs. The SB2s are not resonant in the interferometer while

the others are resonant, i.e. |rSY,0|, |rSY,1|, |rSY,3| � |rSY,2| ∼ 1. The reflectance of

the arms for the sidebands rarm,n (n �= 0) is unity, while that for the carrier rarm,0

is also roughly unity with the opposite sign. According to these approximations, we

can ignore the third term of Eq. (4.4) compared with the second term. Consequently,

the comparison of the separations S3/S1 is simplified to the following expression:

S3

S1
∼ J1(m)J2(m)

J0(m)J3(m)

rSY,1

rSY,3

g2
1

g2
1rSY,0 − g2

0rSY,1
. (4.12)

The leading factor J1(m)J2(m)/J0(m)J3(m) is approximately equal to 3 when m is

smaller than unity 2. The size of the other part depends on the optical parameters.

In general, when the asymmetry is small, S3/S1 tends to be large because of the S3’s

dependence on g2
1/rSY,3.

The reduction of the δL+ contribution to the SY port signal is further investi-

gated by calculating the separation ratio Sn changing both the asymmetry and RR.

2The series expansion of this factor is 3 + 16m2/5 + O4(m)
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Figure 4.2: The sensitivity ratio with the ωm scheme (S1, dashed line) and the 3ωm

scheme (S3, solid line) at the SY port, as a function of the asymmetry. The sensitivity ratio

is reduced with the 3ωm scheme when the asymmetry is smaller than 0.5 m. Each curve

has a singular point where the ratio becomes particularly large (explained in Section 4.3.2).
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Figure 4.3: Separation ratio with conventional frontal modulation.
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Figure 4.4: Separation ratio with the 3ωm scheme.
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Chapter 4. Signal extraction scheme using harmonic demodulation

Figure 4.3 and Figure 4.4 show S1 and S3 with the asymmetry from 0 to 1 meter,

and RR changing from 0.8 to 1. One can see that S3 is generally better (larger) than

S1. Note that S1 and S3 become infinity for some combinations of the asymmetry

and RR. We will return to this point in Section 4.3.2.

Removing gain constraint with the 3ωm scheme

As a result of insensitivity to δL+ at the SY port with the 3ωm scheme, the problem

of the gain constraint is easily avoided. Figure 4.5 and Figure 4.6 show the region

where the gain constraint is imposed for each scheme. With the conventional scheme,

one must take care of the choice of the optical parameters so as not to have gain

constraint because the parameter regions free from gain constraint (white region in

the figure) are narrow and divided into several parts. On the other hand, the white

region for the 3ωm scheme is wider and we can avoid having the gain constrained even

in the other region (gray region) by taking the δL+ component at the PO port.

4.3 Further reduction of δL+

4.3.1 Introduction

Since the enhancement of δL+ in the arm cavities is so large, the SY port is not

independent from δL+ even with the 3ωm scheme. We propose several techniques

to further eliminate δL+ from the signals. The contribution of δL+ to the 3ωm-

demodulated signal is caused by the beat of the phase shifted of the CA and SB3s

reflected by the interferometer. Thus, if SB3s are absent in the reflected light, the

contribution of δL+ — contained in the signal sideband of the CA — is eliminated

from the demodulated signal.

One technique to eliminate SB3s from the reflected light is an optimization of

the optical parameters to set the reflectance of the interferometer for SB3s to be

zero. This technique is an analogy to the sideband elimination technique for the ωm

demodulation [18–20]. The condition for the elimination is achieved by adjusting
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Chapter 4. Signal extraction scheme using harmonic demodulation

the optical parameters so that the reflectance of the interferometer for SB3s becomes

zero.

Another technique is to remove SB3s from the injected light by applying a weak

modulation at the 3ωm frequency. This technique is realized by applying an ad-

ditional modulation to the incident light. This approach is originally proposed by

S. Moriwaki [62], and detailed analyses has been done by the author.

4.3.2 Adjusting the optical parameters

The δL+ component in the 3ωm-demodulated SY signal is eliminated by adjusting the

optical parameters of the interferometer so that the interferometer does not reflect

SB3s to the SY port. This condition is represented by

rSY,3 = 0 . (4.13)

When this condition is realized, the contribution of δL+ to the in-phase signal with the

3ωm demodulation, which is proportional to rSY,3, is eliminated. The elimination of

the δL+ contribution for the 3ωm signal is seen in Figure 4.2 as a singular point at the

asymmetry of 0.17 m. This technique is an analogy to the signal separation technique

for the ωm demodulation [18–20]. In the original technique, the contribution of δL+ is

eliminated from the signal with the ωm demodulation in the case of rSY,1 = 0, which

corresponds to an asymmetry of 0.52 m. In general, Eq. (4.13) is satisfied with a

smaller asymmetry than that with the ωm demodulation. Note that this may make it

more difficult to obtain sufficient modulation sidebands at the detection port in the

presence of contrast defect.

Since the contribution of δL+ with the 3ωm scheme is inherently smaller than

with the ωm scheme, the required accuracy of the optical parameters for a certain

sensitivity ratio for the 3ωm demodulation is relaxed compared with that for the

conventional scheme. In our model interferometer, the asymmetry must be set with

an accuracy of 1.3 mm to obtain the sensitivity ratio of unity with the ωm scheme.

On the other hand, an accuracy of only 27 mm is required with the 3ωm scheme.

The conditions rSY,3 = 0 and rSY,1 = 0 are plotted in Fig. 4.7. Comparing with
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4.3. Further reduction of δL+

Fig. 4.3, Fig. 4.4, and Fig. 4.7, we can actually see that the separation ratio becomes

singular on those lines for either signal extraction scheme.
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Figure 4.7: The conditions where the contribution of δL+ becomes zero with the conven-

tional demodulation and the 3ωm demodulation.
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Figure 4.8: Eliminating the SB3 by an additional modulation.

4.3.3 Eliminating the SB3 by an additional modulation

Removal of SB3s from the incident beam can be realized by an additional weak phase

modulation at 3ωm. Although this technique requires an additional modulation to

the input light, it has a great advantage that the contributions of δL+ to the signals

at the SY port are removed without tuning the interferometer itself.
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Chapter 4. Signal extraction scheme using harmonic demodulation

Let’s calculate how much an additional modulation at 3ωm is needed in order to

eliminate SB3s from the incident light. When the beam is phase-modulated by EOM1

at ωm and EOM2 at 3ωm, the resultant light is expressed as

Einc = Ele
iΩteim1 cos ωmteim2 cos 3ωmt . (4.14)

where mn is the modulation index for EOMn. The initial phases for both modulations

are selected to be same. The modulation could be expanded in terms of Bessel

functions, such as

Einc = Ele
iΩt

[ ∞∑
n1=−∞

i|n1|J|n1|(m1)e
in1ωmt

][ ∞∑
n2=−∞

i|n2|J|n2|(m2)e
i3n2ωmt

]
. (4.15)

Let us denote the electric field as a summation of each frequency component:

Einc =

∞∑
n=−∞

Ein,ne
i(Ωt+nωm) . (4.16)

where Ein,n is given by

Ein,n =

∞∑
j=−∞

i|n−3j|J|n−3j|(m1) i|j|J|j|(m2) . (4.17)

We are interested in the amplitude of SB3, that is

Ein,3 = iJ0(m1) J1(m2) − iJ3(m1) J0(m2) + iJ3(m1) J2(m2) − iJ6(m1) J1(m2) + · · · .

(4.18)

Here, if we take only the first and second terms, SB3s are canceled out when the

following condition is satisfied.

J1(m2)

J0(m2)
=

J3(m1)

J0(m1)
. (4.19)

The condition of Eq. (4.19) is numerically solved in order to know the modulation

index m2 that is needed to cancel out SB3s generated by the main modulation with

the modulation index of m1. In Fig. 4.9 one can see that an m2 of just 0.05 rad is

necessary to cancel out SB3s when m1 is unity.

The amplitudes of the sidebands are calculated in order to know the sideband am-

plitudes when SB3s are eliminated. Figure 4.10 shows the amplitude of the sidebands
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Figure 4.9: The modulation index m2 of the second modulations necessary for eliminating

SB3s generated by the main modulation with the modulation index m1. The horizontal

and vertical axes correspond to m1 and m2, respectively.

up to the fifth-order as a function of the modulation index m1. The second modula-

tion is applied with the modulation index m2 given by the condition Eq. (4.19). One

can see that SB3s are indeed eliminated. Also, the CA, SB1s, and SB2s are hardly

affected by the second modulation. Thus, it is expected that the signals obtained by

these sidebands extraction are not affected by the second modulation. Fourth-order

sidebands and higher increase because of up-conversion from the lower sidebands.

However, it is apparent that they are not harmful because they do not have an essen-

tial role in the signal extraction, and their absolute amplitudes are also still small.

We have confirmed that SB3s generated by the main modulation are eliminated

by applying a second modulation at 3fm with the appropriate amplitude and phase.

The required modulation index m2 is only about 0.05rad even for a modulation index

m1 as large as 1 for the main modulation. To apply this technique to the practical

interferometer, an additional EOM and a frequency tripler are needed (Fig. 4.11).
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Figure 4.11: A signal extraction scheme for RPFMIs with the 3ωm demodulation using

additional modulation at the 3ωm.

4.4 Dependence of the 3ωm-demodulated signals on

the optical parameters

Dependence of the signals on the optical parameters with the conventional

scheme

Another problem of the conventional frontal modulation is that either the δl+ com-

ponent or the δl− component in the signal can accidentally disappear under some

conditions. Since the signal corresponding to δl+ is extracted at the SY port by

means of the difference in the responses of the recycling cavity for the CA and SB1s,

the δl+ term in Eq.(4.2) disappears when the responses of the recycling cavity become

identical for the CA and SB1s. This condition is expressed as

rSY,0 = rSY,1 . (4.20)

For the δl− component, the phase shift of SB1s generate the signal when they interfere

with the carrier. Therefore, the amplitude of the signal goes to zero when the carrier
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Chapter 4. Signal extraction scheme using harmonic demodulation

is critically coupled to the interferometer. This condition is given by

rSY,0 = 0 . (4.21)

Note that in a realistic case the conditions are slightly shifted owing to the contribu-

tion of SB2s.

When the interferometer is operated near these critical conditions, change in the

optical parameters can cause the feedback system to suffer from large variation of

the signal sensitivities and even a sign flip of the signals. Unfortunately, the optical

parameters of the interferometer are usually designed not far from these conditions.

Although the arm cavities have higher reflectances for the sidebands than that for

the carrier, the asymmetry gives an additional loss for the sidebands. Therefore,

the reflectivity of the interferometer for SB1s (rSY,1) can be close to that for the

carrier (rSY,0). Also, the reflectivity of the recycling mirror is set so as to maximize

the recycling gain for the carrier. The condition for this optimization is equivalent

to Eq. (4.21). In order to avoid the instability of the control system, the actual

optical parameters have to be chosen carefully to have safety margins from these

critical conditions against the fluctuation of the optical parameters, for instance, by

contamination on the mirror surfaces and by misalignments of the mirror directions.

Dependence of the signals on the optical parameters with the 3ωm scheme

Contrary to the conventional scheme, the δl± components obtained by the 3ωm de-

modulation are robust against the change of the optical parameters. The amplitudes

and signs of the δl± components with the 3ωm demodulation are less dependent on

the optical parameters than those with the conventional scheme. Furthermore the

δl± components with the 3ωm scheme do not vanish for typical optical parameters.

Figure 4.12 shows the amplitudes of the δl+ components with both schemes calcu-

lated for the model interferometer. In this calculation, the reflectance of the recycling

mirror has again been chosen to be 0.95. The ωm component with ωm-demodulation

vanishes for an asymmetry of 0.4 m. On the other hand, the 3ωm signal has only

a mild dependence on the asymmetry, resulting in a larger δl+ component with the
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3ωm scheme than with the ωm scheme for asymmetries below 0.5 m.

Figure 4.13 shows the amplitudes of the δl− components with both schemes. In

this calculation, the reflectance of the recycling mirror was varied around 0.95, where

the carrier is critically coupled to the interferometer. With the ωm demodulation,

the amplitude of the δl− component is highly dependent on the reflectance of the

recycling mirror; for a reflectance of 0.94, the signal completely vanishes. In this

calculation the asymmetry is nominally fixed at 0.3 m, though the situation is, in

practice, hardly affected by choice of the asymmetry.

From the figures, one can see that the 3ωm-demodulated signals do not vanish

with typical optical parameters. This robustness of the δl± components is explained

by two facts. First, these demodulated signals are not affected by the coupling of

the carrier to the interferometer because the carrier does not play a main role in the

signal extraction with the 3ωm scheme. Secondly, the amount of SB2s at the SY

port does not depend on the optical parameters because SB2s are not resonant in the

interferometer.

We can compare the amplitudes of the δl± components with both schemes using

the same approximations as used previously. The ratios of the amplitudes with both

schemes are defined as

S+ =
∂V

(I)
3

∂l+
/
∂V

(I)
1

∂l+
, S− =

∂V
(I)
3

∂l−
/
∂V

(I)
1

∂l−
. (4.22)

Using the approximations introduced in Section 4.2, S+ and S− can be expressed as

S+ =
J2(m)

J0(m)

g2
1

g2
1rSY,0 − g2

0rSY,1

(4.23)

S− =
J2(m)

J0(m)

1

rSY,0
. (4.24)

Both S+ and S− have the factor J2(m)/J0(m) in common, which is about 0.09 for m =

0.8. Therefore, the amplitude of the signals with the 3ωm scheme are substantially

smaller than those with the ωm signals. Nevertheless, S+ and S− can be larger than

unity because they also have inversely-proportional dependencies on rSY,0 and rSY,1;

such situations are caused by the optical parameters near the conditions represented

by Eqs. (4.20) and (4.21), as seen in the figures.
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Stability of the sign of the signals

The stability of the sign is investigated by calculating the sign of the δl± components

for various optical parameters. Figure 4.14 shows the sign of the δl+ and δl− com-

ponents in the SY port signals with both demodulation schemes. Note that the sign

change that may be caused by the δL+ control is not included in this calculation.

The left and the right figures show the sign of the δl+ components and the δl− com-

ponents, respectively. The upper figures and the bottom figures correspond to the

ωm-demodulated signals and the 3ωm-demodulated signals, respectively.

Apparently, the δl± components obtained with the 3ωm scheme have the same

sign over a wide range of the parameters. On the other hand, those of the ωm signals

have nodal lines — where the amplitudes goes to zero. Actually, these nodal lines are

near the typical parameters used for the realistic design of the interferometer.

This sign stability of the 3ωm signals are significant not only for the first attempt

of the full lock acquisition, but also for the long term operation where the optical

parameters can vary by mirror contamination and by drift of the mirror alignment.

4.5 Change of optical gains during locking acqui-

sition

Locking acquisition

Owing to the nonlinear response of the interferometer, the four degrees of freedom of

RFPMIs have to be controlled within a tiny fraction of the wavelength of the light

source so that the responses become asymptotically linear. At the beginning, the

mirrors are freely moving and the conditions for maintaining the operating point are

not satisfied. To achieve the operation of the whole interferometer, the four degrees

of freedom must be controlled one by one. The process of approaching the final state

is called lock acquisition.

During the lock acquisition, the conditions of the arm locking cause a change of

the amplitudes and the signs of the δl+ and δl− components with the conventional
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Figure 4.14: Dependence of the signal sign on the optical parameters. The 3ωm signals

have virtually no sign dependence, while the ωm signals have sign change around the typical

parameters for gravitational wave detectors.
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scheme. In order to compensate these fluctuations of the optical gains, the control

system must be tolerant to the gain changes. For the sign-reversal problems, it

is necessary to implement a system to diagnose the locking states and to change

the servo configuration quickly and dynamically. Thus the control system becomes

complicated.

To avoid such complexity, it is desirable to have δl+ and δl− components that do

not have large changes between different locking states. As is clarified in the following

sections, the 3ωm scheme provides such signals. We can utilize the same demodulated

signals with nearly same control gains from the unlock state to the full lock state.

The control system is hence simplified.

Lock of the four degrees of freedom must be carried out in a certain order. For

instance, unless the SB1s are resonant in the recycling cavity, the signals for the

control of the arms don’t appear at the corresponding signal extraction ports.

The lock acquisition consists of the transition between 4 states [63] (Fig. 4.15):

State 1 The CA and SB1s are not resonant in the recycling cavity. None of the

conditions for the operating point are satisfied.

State 2 The recycling cavity length (δl+) is controlled so that the SB1s are resonant

in the recycling cavity. The Michelson length (δl−) is kept to have a dark fringe

at the AS port. Since the CA is not resonant in the arms, the CA can not

resonate in the recycling cavity too.

State 3 One of the arms is resonant for the CA. Small amount of the CA (5% of the

incident carrier for our model) is to resonate in the recycling cavity.

State 4 Both arms are locked. The carrier spreads through the interferometer.

The feedback loops for δl+ and δl− must maintain the operating point from State2

to State4. Otherwise, the signals for the arms can not be obtained. To realize the

stable control of δl+ and δl−, the gains and signs of the feedback loops must be set

correctly during the process.
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Figure 4.15: Locking acquisiiton process
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4.5. Change of optical gains during locking acquisition

To investigate the stability of the control signals during the lock acquisition pro-

cess, the optical gains and the signs of the δl+ and δl− components at each state are

computed with the model interferometer.

Sign stability

The δl+ and δl− components obtained with the 3ωm scheme are robust during the lock

acquisition procedure. This fact is confirmed by calculating the sign of the signals for

various optical parameters.

In Section 4.4, the dependence of the δl+ component at the SY port on the optical

parameters was described. Here, the signs of the δl+ components during the lock

are also calculated in the same manner. The signs of the δl+ components with the

conventional scheme and the 3ωm scheme for each locking state are shown in Fig. 4.16.

In the figure, the horizontal axes of each plot represent the reflectance of the recycling

mirror (from 0.8 to 1). The vertical axes represent the length of the asymmetry (from 0

to 1 meter). The dark regions show the combination of the parameters where the sign

of the δl+ component is negative. The white regions corresponds to the parameters

where the signal is positive. Note that only the relative sign between the states is

essential; the sign itself is not at all significant.

The dependence of the sign at the SY port with the conventional scheme is seen

in the top three plots. The signs at State2 and State3 are always negative. Therefore,

if the parameters are set to be in the dark region of the top right plot, the sign of the

δl+ at the SY port is stable during the lock acquisition. On the other hand, if the

parameters are in the white region of the top right plot, the sign will reverse during

the transition between State3 and State4.

The sign change of the δl+ signal at the PO port is seen between State2 and

State3. At State4, the sign is negative for an asymmetry larger than about 0.5 m.

This comes from the dependence of the optical couplings on the asymmetry.

Contrary to the conventional signals described above, the δl+ component with

the 3ωm scheme, signs don’t reverse with typical optical parameters. This stability

of the sign is because of the presence of SB2s at the SY port; the reflectance of the
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Chapter 4. Signal extraction scheme using harmonic demodulation

interferometer for SB2s does not depend on the optical parameters.

Next, the same calculations have been performed for δl− (Fig. 4.16). When the

signal is obtained from the SY port with the reflectance of the recycling mirror larger

than 0.94, sign reversal occurs between State3 (top center) and state4 (top left).

When the PO port is used for the signal extraction, the sign reversal always occurs

between State3 (middle center) and State4 (middle right). On the other hand, the

δl− component with the 3ωm scheme is always stable.

Gain stability

The δl+ and δl− components obtained with the 3ωm scheme are robust during the lock

acquisition procedure. This fact is confirmed by calculating the sign of the signals for

various optical parameters.

Figure 4.18 shows the ratio of the optical gain between State3 and State4. The

left three plots are concerned with δl+. The δl+ component obtained from the SY

port (top left plot) shows that the optical gain for δl+ goes down by a factor of 10 to

100 between the states, while the optical gain at the PO port (middle left) goes up by

a factor of 10 to 100 between the states. Also, there can be seen the large dependence

of the gain on the optical parameters. Contrary to the signals with the conventional

scheme, the change of the optical gain for the 3ωm signal (bottom left) has almost no

change.

Similarly, the right three plots are concerned with δl−. The δl− component at the

SY port (top right) shows the reduction of the optical gain by a factor of 10 to 100

between the states, while the optical gain at the PO port (middle right) goes up by

a factor of more than 100. Contrary to the signals with the conventional scheme, the

change of the optical gain for the 3ωm signal (bottom right) is just a mild one.
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Figure 4.16: Sign map of δl+ at each lock acquisition state.
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Figure 4.17: Sign map of δl− at each lock acquisition state.
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Chapter 4. Signal extraction scheme using harmonic demodulation

4.6 Removing the pick-off from the recycling cav-

ity

With the 3ωm scheme, the operation of RFPMI can be realized without the pick-off

mirror inserted in the recycling cavity (Fig. 4.19). Since the 3ωm scheme adds the

signal extraction ports at the SY port, the in-phase signal at the SY port with the

conventional scheme can be used to obtain the signal corresponds to δL+. Therefore,

the pick-off mirror inserted in the recycling cavity is no longer necessary.

By removing the pick-off mirror, the loss introduced in the recycling cavity is

reduced. In our model interferometer, removal of the pick-off increase the power

recycling gain for the CA from 20.2 to 26.4.

δl−δl+ δL+ δL−

LIlI

lP

Q

LASER EOM
Faraday
Isolator

I Q

Phase
Shifter

II Q
3ωm3ωm

LP

Reflection
Port

Detection
Port

RM

EM

FM
EMFMBS

Figure 4.19: Signal extraction scheme without the pick-off mirror in the recycling cavity.
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Chapter 5

Experimental study of the 3ωm

demodulation scheme

The test of the 3ωm demodulation scheme has been performed with a 3-m power-

recycled Fabry-Perot-Michelson interferometer (RFPMI) at University of Tokyo. The

3ωm demodulation scheme was implemented in this interferometer by using the frequency-

tripled modulation signal as the local oscillators. The interferometer was successfully

locked and stably operated with the signals obtained by third-harmonic demodula-

tion.

Once the stable operation of the interferometer was achieved, the signal extraction

scheme was evaluated. It was confirmed that the signal obtained by the 3ωm scheme

is inherently less sensitive to δL+ than the signals with the conventional scheme. The

residual contribution of δL+ to the SY port signal was further reduced by adjusting

the transmittance of the pick-off mirror placed in the recycling cavity. Dependence of

the δl± components in the SY port signals on an optical parameter was investigated. It

was confirmed that the δl± components with the 3ωm demodulation are less dependent

on the optical parameter. Also, the dependence of the signal sensitivities for δl±

during lock acquisition was measured; it was found that their variations are smaller

than those with the conventional demodulation.

Finally, the 3-m prototype interferometer has been operated without the pick-

off mirror in the recycling cavity. In this configuration, near-critical coupling was
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Chapter 5. Experimental study of the 3ωm demodulation scheme

realized.

In this chapter, the experimental setup of the 3-m interferometer is introduced.

Then, the results of the experiments are described.

5.1 3-m power-recycled Fabry-Perot-Michelson in-

terferometer

The experimental setup of the 3-m interferometer is explained in this section. The de-

tails of the 3-m interferometer have been described in the Ph.D thesis of Dr. Ando [19].

Therefore only the descriptions closely related to the 3ωm demodulation scheme are

given here.

5.1.1 Optical design

The 3-m prototype has been built for investigation of optical configurations and signal

sensing/control schemes used for large-scale interferometric gravitational wave detec-

tors. It was first used for demonstration of beam recombination with Fabry-Perot

arms [22, 23]. After this experiment frontal modulation was introduced [64] for prepa-

ration of power recycling. Then, a power-recycling mirror was installed in the 3-m

interferometer. With this interferometer, power recycling for a Fabry-Perot-Michelson

interferometer with suspended mirrors was demonstrated for the first time [65]. Us-

ing the power-recycled interferometer, the signal extraction scheme with sideband

elimination was investigated [20]. At the time of the experiment for this thesis, the

signal extraction system of the power-recycled interferometer was modified for the

investigation of the 3ωm demodulation scheme.

Figure 5.1 shows the optical design of the 3-m prototype interferometer used in

this thesis.

The main optics of the 3-m RFPMI consists of five mirrors and one beamsplit-

ter. They are all suspended by double pendulums, and controlled by magnet-coil
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5.1. 3-m power-recycled Fabry-Perot-Michelson interferometer

actuators. The optical parameters of these mirrors are summarized in Table 5.1.

Recycling
Mirror

LASER EOM Faraday
Isolator

Cyl Lens
x    y

Lens

Front
Mirror
(t)

End
Mirror
(t)

End
Mirror
(r)

Front
Mirror
(r)

2.95m

2.95m

Beam
block

Beam
block

Beamsplitter

PO
port

AS
port

SY (3ωm)
port

SY (ωm)
port

Pick off

λ/2 PBS PBSλ/4

Figure 5.1: Optical design of the 3-m prototype interferometer.

Each of the two Fabry-Perot arms is formed by a front mirror and an end mirror.

The arms are configured as over-coupled cavities just like those of realistic RFPMIs.

The reflectance of the front mirrors are set to be 97.5%, while that of the end mirrors

are set to be 99.9%; the finesse is expected to be 237 taking into account optical loss

of 100ppm at the reflections. The arm length is 2.95m. These parameters corresponds

to an arm cavity-pole frequency of 107kHz. The front mirrors are flat, while the end

mirrors are concave with curvature radius of 4.5 m. This curvatures have been chosen

so that transverse modes other than TEM00 are unlikely to resonate in the arms. The

dimension of the mirrors are φ30mm×5mm. Each mirror is attached to an aluminum

mass.

In order to introduce Schnupp asymmetry, each arm is located a different distance

from the beamsplitter. The difference of those distances is 15cm.

The recycling mirror is placed between the laser source and the beamsplitter.
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Chapter 5. Experimental study of the 3ωm demodulation scheme

Mirror Reflectance Radius of curvature

Front mirror 97.5% ∞
End mirror 99.9% 4.5 m

Recycling mirror 63.7%, 81.3% 4.28m

Beamsplitter RBS = 52% ∞
TBS = 47%

Table 5.1: Specifications of the mirrors.
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Figure 5.2: Transmittance of the pick-off formed by a λ/4 plate and two polarizers.
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5.1. 3-m power-recycled Fabry-Perot-Michelson interferometer

Figure 5.3: The windmill for blocking the laser beam in the vacuum chamber.

Three mirrors with reflectances of 63.7%, 81.3%, and 91% had been prepared for

the recycling experiments although the last one was not used. They are the same

dimension as the mirrors for the arms, and were attached to the aluminum mass.

The radius of curvature is 4.28 m.

The average length of the recycling cavity is set to be 1.82 m so as to realize the

resonance for the CA and SB1s at the same time.

The beamsplitter was made so as to have both a reflectance and a transmittance

of 50%. The dimensions are φ100mm × 30mm. Two monolithic glass plates were

glued at its coated surface. The outer surfaces were anti-reflection-coated. These

AR surfaces are used to pick off the beams to and from the arms. The measured

branching ratio was 47% for the transmission and 52% for the reflection.

One of the special features of this RFPMI is the pick-off mirror with variable

transmittance placed in the recycling cavity. This pick-off consists of two polarizers

and a quater-wave plate; by rotating the wave plate the transmittance is able to be

changed from 97.4% to 47.0% (Fig. 5.2). As this pick-off changes the loss in the

recycling cavity, the coupling of the carrier and the sidebands can be changed. Thus,
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this pick-off is useful for investigation of the signal sensing with different optical

conditions.

50mW MISER
LWE 124-1064-050

Broadband EOM
New Focus 4004

Cylindrical lens
Horiz. f=200

Cylindrical lens
Vert.. f=300

EOM(40MHz)
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AOM
HOYA
A-140-633

Faraday Isolator x2
OFR IO-2-YAG
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Cube
PBS
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Photo Detector

Broadband
Photo Detector

Photo Detector
(AF, for intensity stab.)

100mm

Figure 5.4: The laser source and input optics on the optical table.

Two beam blocks were introduced for initial alignment and diagnotics of the in-

terferometer: before the beamsplitter and before the inline arm. Although it was

considered to be useful, it was impossible to put the beam block before the perpen-

dicular arm because of space constraints. As shown in Figure 5.3, the beam block

has a similar shape to a windmill; the wing is made of aluminum with black painting.

The actuator — a Picomotor by New Focus Inc. — is used as an axis; the direction

of the wing is able to be controlled from the outside of the vacuum chamber. Note

that the design was developed by Jamie Rollins at the LIGO 40m interferometer and

was modified and applied to the windmills for the 3-m interferometer.

The laser source and input optics are fixed on an optical table (Fig. 5.4). The

laser source is an LD-pumped Nd:YAG laser (Lightwave Electronics 124-1064-050-F,

λ = 1064nm). The output is 50mW. The beam from the laser source illuminates

the recycling mirror, going through the input optics. The input optics provide sev-

eral functions: the modulation necessary for the control of the interferometer, mode
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5.1. 3-m power-recycled Fabry-Perot-Michelson interferometer
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Figure 5.5: Mode matching of the incident beam to the interferometer. In the figure,
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mode-matching lens, respectively. FM and EM represents the positions of the front and

end mirror, respectively.

matching to the main interferometer, and optical isolation of the laser source. A

sensor and an actuator for the intensity stabilization are placed on this optical table

though they are not explained here as they were not essential in the experiments.

The main modulator and the signal extraction system at the SY port are also placed

here and are described in the later section.

Two cylindrical lenses and a plano-convex lens are placed for mode matching of the

incident beam to the main interferometer. Since the emitted beam by the laser source

is slightly elliptic, the cylindrical lenses are used to make the beam round with no

astigmatism. The plano-convex lens matches the rounded beam to the interferometer.

Figure 5.5 shows the beam profile conversion by the lenses and the resultant beam

profile. The matching between the cavity mode and the incident beam was estimated

to be 88%.

To avoid optical feedback by the reflected light from the interferometer to the

laser source, two Faraday isolators (OFR IO-2-YAG) are placed after the modulator

chain. Each of them provides an optical isolation of −40dB. One of these isolators is
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Chapter 5. Experimental study of the 3ωm demodulation scheme

used to take the reflected light from the interferometer for signal extraction.

The 3-m interferometer has no mode cleaning cavity before the main interferom-

eter; laser frequency stabilization is only given by control of the laser frequency by

actuating the fast PZT of the laser source.

5.1.2 Suspension system

The five mirrors and the beam splitters are suspended by double pendulums. Fig-

ure 5.6 shows the schematic view of the suspension system. The 3-m interferometer

has no other vibration isolation system such as stack; the suspension systems are the

sole vibration isolation system.

The double pendulum has an intermediate mass and a final mass. The intermedi-

ate mass has an aluminum structure to clamp the wires, surrounded by a copper shell.

The final mass is an aluminum cylinder with a diameter of 700mm and a thickness of

500mm. The intermediate mass and the final mass are 1.1kg and 430g, respectively.

The intermediate mass is suspended by two coil springs made of phosphor bronze.

The coil springs themselves are attached to leaf springs made of phosphor bronze.

The final mass is suspended by two turns of tungsten wire. The suspension point can

be moved by the sliding stages. Particularly, one of the vertical sliding stages was

motorized for the pitch control from the outside of the chamber.

The pendulum motion of the masses is damped by eddy current with permanent

magnets placed near the intermediate mass. The magnet holder itself is flexibly

supported by using leaf spring in order to isolate the magnets from seismic motion [66,

67].

The vibration isolation ratio of this suspension has been measured by using a

vibration table (Fig. 5.7). The two modes of the pendulum modes at around 1Hz were

effectively suppressed by the damping. The peak at 10Hz is caused by the resonance

of the damping magnet support. The vibration isolation ratio was degraded by the

sharp peaks above 20Hz. These peaks are caused by the internal resonances of the

spring coils and the leaf springs.

This pendulum has coil-magnet actuators to control the position and the direction
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Figure 5.6: Schematic view of the double pendulum suspension.
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Figure 5.8: The figure shows modulation index obtained with the EOM driven by an

oscillator of 10Vpp. The EOM was a resonant type. The modulation index was fitted with

the resonance function m =
αf√

(1 − f2/f2
0 )2 + (f/(f0Q))2

. The best fit was obtained by

α = 5.40416 × 10−10, f0 = 39.9011MHz, and Q = 42.311.

of the final mass without touching the mass itself. The four magnets (φ2mm×10mm)

were glued to the back of the aluminum mass. The four coils were fixed to the base

of the suspension frame. The position of the coils were set so as to have the magnets

in the interior space of the coils without touching each other. By applying current to

the coils, the generated magnetic field pushes and pulls the magnets, resulting in the

motion of the mass in the longitudinal position and the mirror direction in yaw.

5.1.3 Signal extraction and servo configuration

The length control signals are extracted by frontal modulation and a method similar

to the Pound-Drever-Hall technique [68].

A sole phase modulation for signal extraction is applied with the EOM at 40MHz.

This phase modulator is a resonant type Electro-Optic Modulator (NEW FOCUS

Inc. 4003). This EOM is driven by an RF synthesizer with maximum amplitude of

10Vpp. Since the EOM was tuned at 40MHz, the practically usable frequency range
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Figure 5.9: Dependence of the modulation index m to the applied voltage Vpp. The

modulation index was nearly proportional to the applied voltage. When Vpp was larger

than 5Vpp, m was fitted by the function m = 0.091686Vpp + 0.0089588.

is limited around 40MHz ± 1MHz (Fig. 5.8). The modulation index achieved with

this EOM was 0.92 rad at 39.9MHz. The modulation index was nearly proportional

to the amplitude of the applied voltage (Fig. 5.9).

The frontal modulation signals are extracted by the photodetectors placed at the

AS, PO, and SY ports. The detected RF photocurrents are demodulated by double

balanced mixers (DBMs). These DBMs mix the RF photocurrent and the local

oscillator signals at either 40MHz or 120MHz. The resultant baseband signals are

low-pass-filtered and pre-amplified by low-noise amps.

The signals for the δL−, δL+, δl−, and δl+ controls are fed back to the mirror

masses through feedback filters and coil drivers. The signal for the δL− control is fed

back to the end mirror differential motion. Similarly, the signal for δL+ is fed back to

the end mirror in common. The recycling mirror and the beamsplitter were controlled

by the signals for δl+ and δl−, respectively. Feeding back to the beamsplitter causes

not only the actuation of δl− but also the actuation of δl+. In addition to these

feedback loops, the signal for δL+ control is used for frequency stabilization. The
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Figure 5.10: Signal extraction system with frontal modulation
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Figure 5.11: Signal extraction system with Pound-Drever-Hall method
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Figure 5.12: Photodetectors for interferometer diagnostics.

signal is fed back to the fast PZT input of the laser source, leading to the actuation

of the laser frequency. Band widths of the feedback servos for δL−, δL+, δl−, and δl+

were typically 800Hz, 70kHz, 30Hz, and 600Hz, respectively. The bandwidth of the

δl− loop was to be as low as possible to reduce the noise coupling to the signal at the

AS port due to actuation of δl−. The cross-over frequency of the δL+ mass loop and

the laser PZT loop was about 10Hz.

Besides the frontal modulation signals, the signals for each arm were extracted

from the AR reflections of the beamsplitter. A tiny fraction of the beam reflected by

each arm is picked-off by the outer surface of the beamsplitter. This beam is detected

by the 40MHz-tuned photodetector. When power recycling is not applied (or when the

recycling mirror is misaligned), the signals corresponding to the arm length motion are

extracted by these ports according to the Pound-Drever-Hall technique [68]. When

power recycling is employed, these signals contain not only the information of the

corresponding arm but also other longitudinal degrees of freedom. These signals are

used for assisting lock acquisition.

No alignment sensors and automatic controls were employed; the alignment of the

mirrors are controlled manually.
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5.1.4 Photodetectors for diagnostics

In addition to the photodetectors for the signal extraction, several photodetectors

were used for diagnostic purposes (Fig. 5.12).

Two quadrant photodetectors (QPDs) were placed behind the end mirrors of the

arms. These QPDs are used to monitor the power transmitted through the arms. The

recycling gain is measured using these photodetectors as described later. Differential

outputs of the QPDs are used to monitor the spot positions at the end mirrors.

Another quadrant photodetector was placed to detect the beam reflected by the

AR surface of the beamsplitter. This QPD is used to monitor the internal power in

the recycling cavity.

5.1.5 Vacuum system

The main part of the interferometer was housed in a vacuum system. The vacuum

system consists of four chambers: a vertex tank, two end tanks, and a recycling

mirror tank. They are evacuated by a scroll pump. Since the purpose of putting

the interferometer in a vacuum environment was to remove the fluctuation of the

masses by atmospheric disturbance, high quality vacuum was not required. The

interferometer was actually operated at the vacuum pressure of several Torr where

the vacuum pressure was kept stable for several days, while 0.01 Torr was achieved

with the pumping system. Since the mirror alignment depended on the vacuum

pressure level and there was vacuum leakage somewhere, it was not possible to obtain

stable alignment below 1 Torr during an over-night experiment.

112



5.2. Operation of the 3-m prototype with harmonic demodulation

5.2 Operation of the 3-m prototype with harmonic

demodulation

5.2.1 Implementation of the 3ωm demodulation scheme

The signal extraction system for harmonic demodulation were implemented at the SY

port by just splitting the reflected light and using a broadband photodetector. The

light reflected from the SY port was divided by a beamsplitter into two beams. One

beam was detected by a 40MHz tuned photodetector for the ωm demodulation. The

other was detected by a non-resonant-type photodetector for the 3ωm demodulation.

The output of the ’3ωm’ photodetector was filtered by a highpass filter with a cutoff

frequency of 100MHz in order to extract only the component around 120MHz. The

resulting RF signal was distributed to demodulators.

Local oscillators for the 3ωm demodulation are produced from the local oscillator

at ωm using frequency triplers. Details about the frequency triplers are described in

Appendix A. Phase shifters are inserted before the frequency triplers, allowing us to

avoid making phase shifters that must work at 120MHz.

5.2.2 Initial adjustment

Before locking the interferometer, alignment of the mirrors and demodulation phases

of the local oscillators were adjusted. Figure 5.13 shows the procedure of the align-

ment adjustment.

First, the recycling mirror is approximately aligned so as to have a maximum

reflection at the SY port; if the recycling mirror is misaligned too much, the Faraday

isolators cut the reflected beams and the DC power received by the SY port is reduced.

During the adjustment the beam block placed before the beamsplitter is closed.

Secondly, three mirror coupled cavities are used for the initial alignment (Fig-

ure 5.13-A). The inline coupled cavity that is formed by the inline arm and the recy-

cling mirror are aligned, while the other arm is intentionally misaligned by adding DC

voltage to the coil drivers. Engaging the two servo loops, the inline coupled cavity is

113



Chapter 5. Experimental study of the 3ωm demodulation scheme

(A)

(B)

(C)

(D)

Figure 5.13: Initial alignment
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5.2. Operation of the 3-m prototype with harmonic demodulation

held at the resonance for the CA; the arm cavity is locked with the Pound-Drever-Hall

signal obtained from the AS port, while the recycling mirror is locked with the signal

obtained from the SY port using the 3ωm demodulation 1. The lock of the coupled

cavity by these servos was immediate. The alignment of the mirrors is adjusted so as

to maximize the transmitted power through the inline end mirror.

Next, the beam block of the inline arm is closed and the other arm is also aligned

in the same way as the inline arm (Figure 5.13-B). Since the recycling mirror is aligned

using the inline arm, it is not moved. The two mirrors of the perpendicular arm and

the beamsplitter are aligned.

Then, the demodulation phases of the local oscillators are adjusted. After the

mirrors are approximately properly aligned, the beam block in front of the inline

arm is opened. The recycling mirror is misaligned by applying a DC voltage to the

coil driver of the recycling mirror (Figure 5.13-C). Both of the arms are locked with

the signals obtained from the AR coating of the beamsplitter (Locked Fabry-Perot

configuration). The demodulation phases are insensitive to the change of the fringe.

On the other hand, the phases for the differential signals (δL−, δl−) are adjusted so

as to maximize the sensitivities to the fringe swing.

Finally, when the initial adjustment are completed, the DC voltage applied to the

recycling mirror is removed (Figure 5.13-D).

5.2.3 Lock acquisition

The lock acquisition of the 3m happens just as described in Section 4.5. The signals for

δl+ and δl− extracted from the SY port with harmonic demodulation were used to lock

the power-recycled Michelson part, formed by the recycling mirror, the beamsplitter,

and the two front mirrors. For the control of the arms, either of two kinds of signals

was used: 1) the signals taken from the AR reflections in front of the arms (Fig. 5.11),

and 2) frontal modulation signals obtained from the AS and PO ports (Fig. 5.10). The

1The recycling mirror with the three mirror coupled cavity was also able to be locked using the

ωm signal. However, this required detuning of the demodulation phase from that for the lock of the

full interferometer. In this sense, it was easier to have stable lock with the 3ωm signal.
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lock was easier with 1) than with 2) when there was a small misalignment. Once the

interferometer was locked and the alignment, the servo gains, and the demodulation

phases were finely adjusted, the lock could be acquired within several seconds using

either signal.

After finishing the initial alignment, the first step of the lock acquisition procedure

was to control the recycled Michelson part so as to resonate the first-order sidebands

to the recycling cavity, engaging the recycling mirror servo (δl+ loop) and the beam-

splitter servo (δl− loop). Then, the loops for the arms were engaged. First one arm

would lock, follower by the other arm.

Figure 5.14 shows a time series record of a typical lock acquisition event. The plots

represent power recycling gains through the inline and perpendicular arms, power gain

on the beamsplitter, power at the dark port, and estimated lock state, respectively

(from the top to the bottom). The power gains at the inline arm, the perpendicular

arm, and the beamsplitter are proportional to the power at those place. These gains

are defined in the next section. The lock state, previously explained in Section 4.5,

shows that the interferometer was in State1 at first, and eventually went to State4.

The lock state in Fig. 5.14 was estimated by the following rule.

• All of loops are engaged at t = 1.2 sec. Before this time, the interferometer is

in State1 (free running).

• If none of the following conditions are met, the interferometer is in State1.

• If power gain on the BS is larger than 0.5, and also power at the dark port is

smaller than 2, the interferometer is in State2 (recycled-Michelson).

• If either arm power recycling gains is larger than 0.2, the interferometer is in

State3 (recycled-Michelson and one-arm locked).

• If power recycling gains in the arms are larger than 2, the interferometer is in

State4 (full locked).

When all of the loops are engaged at t = 1.2 sec, the recycled-Michelson part locked.

From this time, the lock state was mostly in State2 and sometimes State1 because of
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Figure 5.14: Time series record of a typical lock acquisition event. Top: power recy-

cling gains through the inline and perpendicular arms. Second plot: power gain on the

beamsplitter. Third plot: power at the dark port. Last: estimated lock state.
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Figure 5.15: Correlation plot of the same lock acquisition event as shown in Fig. 5.14.

The horizontal and vertical axes are the power gain on the beamsplitter and the dark port

power, respectively. The color of the spot shows at which state the interferometer stayed

during that 2msec.

disturbance by arm resonances. When one of the arm was locked during State2, the

interferometer came to State3. This state is distinctive due to the power increase in

one of the arms transmission, and the power increase on the beamsplitter. Also an

increase of the dark port power was found because the dark port becomes the bright

fringe for the carrier. Then the other arm was locked at t = 3.1. Both power through

the arms and power on the beamsplitter — correlating to the power in the arms and

the recycling cavity — showed remarkable enhancement. The dark port was kept

dark.

The evolution of the lock state is also characterized on a correlation plot. Fig-

ure 5.15 shows the correlation plot of the same lock acquisition event as shown in

5.14. In the figure, the horizontal and vertical axes represent the power gain on the

beamsplitter and the dark port power, respectively. The color of the spot shows the

state of the interferometer at 2msec intervals. In this plot, power increase by power

recycling is represented by the spot motion to the right side with the dark port power

near the bottom of the plot. In State1, the interferometer was free running and the
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5.2. Operation of the 3-m prototype with harmonic demodulation

power increase caused by recycling was not observed. In State2, the Michelson was

locked at a dark fringe, showing some power increase. Once an arm is locked, the dark

fringe became a bright fringe. This is seen in the figure as the dark port power in-

crease for State3. Finally, the other arm was locked (State4). The dark port returned

dark, while the power on the beamsplitter showed significant power enhancement. In

this case, power build-up in the recycling cavity was more than 10.

After the lock was acquired, the alignment of the mirrors was finely tuned so as to

maximize the transmitted light from each arm. Then the feedback loop to the laser

source for the frequency stabilization was turned on. If the lock acquisition was done

with the signals taken from the AR reflections in front of the arms, the signal sources

for the arm control loops were switched from those signals to the frontal modulation

signals taken from the AS and PO ports. This is done by engaging loops for both

schemes at once, and then turning off the AR reflection signals.

Typically, the lock lasted more than 6 hours if not impacted by measurements.

5.2.4 Recycling gains

The recycling gain for the CA (G0 ≡ g2
0) is calculated from the light power of the

transmitted light through the arm because the arms are resonant only with the CA.

The gain G0 is given from the measured values by,

G0 =
PRFPMI

PRMmis

(1 − RR) , (5.1)

where RR is the power reflectance of the recycling mirror. The factors PRFPMI and

PRMmis are the light level transmitted through an end mirror with the RFPMI con-

figuration and the FPMI configuration — with the intentionally misaligned recycling

mirror — respectively2.

The recycling gain for the SB1s (G1) is indirectly estimated from the light power

hitting the beamsplitter. This light power is measured by one of the AR reflections
2Here, the recycling gains are simply defined by the power increase at the beam splitter with

and without recycling mirror. If you want to be fair in comparison between a power recycled

interferometer and non-recycled one, the gains must be defined by removing the pick-off mirror for

the non-recycled case.
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of the beamsplitter. The power gain on the beamsplitter is defined by the following

expression:

GBS =
PBS RFPMI

PBS RMmis

(1 − RR) , (5.2)

where PBS RFPMI and PBSRMmis are the light level on the beamsplitter with the RF-

PMI configuration and the FPMI configuration — with the intentionally misaligned

recycling mirror — respectively. This GBS is also approximated by the recycling gains

of the CA and SB1s, given by

GBS = G0J0(m)2 + 2G1J1(m)2 . (5.3)

Knowing GBS, G0, and the modulation depth m, G1 is estimated.

The measured and calculated recycling gains are shown in Table 5.2. When the

pick-off with variable transmittance was set to have its maximum transmittance

(98%), the gains were maximum. For the carrier, G0 of 3.9 was measured, while

the gain of 4.2 was calculated from the mirror specifications. With regard to the

first-order sidebands, G1 of 5.8 was estimated from the measured power gain at the

beamsplitter, while the calculated recycling gain was 6.5. The power gain on BS

(including the CA and all of the SBs) was 4.3. In the measurements, the modulation

was applied to the incident beam with a modulation index of 0.76. The measured

gains were about 10% smaller than the calculated values.

Using G0, the reflectance of the compound mirror was estimated as

r2
com,0 =

(
1 − tR/g0

rR

)2

(5.4)

= 0.76 . (5.5)

This compound mirror reflectance makes the power reflectance of the recycling cavity

for the carrier to be

r2
rec,0 = 0.056 . (5.6)

This means that more than 94% of the incident light is consumed in the interferometer.
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Order Measured gain Calculated

Carrier 3.9 4.2

1st order sidebands 5.8 6.5

Table 5.2: Recycling gains obtained at the maximum transmittance of the pick-off (98%).

5.3 Measurement of the signal sensitivity

In order to evaluate the signal extraction schemes, the various signal sensitivities at

the operating point are experimentally measured by dithering each degree of free-

dom. To make clear the discussions below, here the symbols to represent the signal

sensitivities are introduced.

There are four signal extraction ports: the AS port, the PO port, the SY ports

both for the ωm- and 3ωm-demodulation. The later two signal extraction ports are

hereafter called the SYωm port and the SY3ωm port, respectively.

The demodulated signals at each port are represented by

V
(phase)
port , (5.7)

where “port” represents the name of the port, i.e. either of AS, PO, SYωm, or SY3ωm.

The suffix “(phase)” is either (I) for in-phase or (Q) for quadrature-phase.

The signal sensitivity gain at that port for a degree of freedom is represented by

∂V
(phase)
port

∂Xd.o.f.
, (5.8)

where Xd.o.f. is either of L−, L+, l−, or l+.

If a control gain was more than −40dB for a measured d.o.f., the signal sensitivity

was compensated by using the measured openloop transfer function in order to remove

the effect of the loop.
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5.4 Reduction of δL+

5.4.1 Inherent insensitivity to δL+

As described in Section 4.2, the demodulated signals with the 3ωm scheme are inher-

ently less sensitive to δL+ compared with the ωm-demodulated signals. In order to

confirm this advantage, the sensitivities of the signals at each port to δL−, δL+, δl−, δl+

were investigated.

The sensitivities were measured at each port by dithering the mirrors, while the

sensitivity for δL+ was measured by actuating the PZT of the laser source. The

dithering frequency was 3kHz. These actuations produce a peak at 3kHz in the

spectrum of the demodulated signal.

Table 5.3 shows the signal sensitivities with the maximum transmittance of the

pick-off (98%). Each line of the table shows how much that port is sensitive to the

dithering of each d.o.f.. The unit is V/m. Table 5.4 shows the same signal sensitivities,

but each line is normalized by the sensitivity to the degree of freedom that we want

to extract from that port. In this normalized matrix, the sensitivity of the SY ports

to δL+ are notable (shown by bold font); they are related to the separation ratios,

previously defined by Eq. (4.11), of those port from δL+.

Here, we redefine the separation ratios, expanding the definition to δl+. Looking

at the in-phase signals, the separation ratios are defined by

S
(I)
SYωm

=
∂V

(I)
SYωm

∂l+
/
∂V

(I)
SYωm

∂L+
(5.9)

S
(I)
SY3ωm

=
∂V

(I)
SY3ωm

∂l+
/
∂V

(I)
SY3ωm

∂L+
. (5.10)

For the quadrature-phase signals, the separation ratios are defined in the same way,

S
(Q)
SYωm

=
∂V

(Q)
SYωm

∂l−
/
∂V

(Q)
SYωm

∂L+

(5.11)

S
(Q)
SY3ωm

=
∂V

(Q)
SY3ωm

∂l−
/
∂V

(Q)
SY3ωm

∂L+
. (5.12)

All of the separation ratios shows better separation from δL+ for larger S.
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Port fdemod Phase δL− δL+ δl− δl+

AS ωm Q 7.86 × 1010 1.81 × 108 1.72 × 108 3.88 × 106

PO ωm I 1.67 × 109 2.50 × 109 5.79 × 108 1.86 × 109

SY ωm Q 3.31 × 107 5.16 × 108 4.28 × 106 2.66 × 106

SY 3ωm Q 1.24 × 107 5.78 × 107 2.77 × 106 5.23 × 106

SY ωm I 1.77 × 108 1.07 × 1010 6.15 × 107 7.73 × 107

SY 3ωm I 7.70 × 108 2.90 × 109 2.34 × 108 2.83 × 108

Table 5.3: Sensitivities at each port to displacement of each degree of freedom in units of

V/m. The symbol fdemod is the demodulation frequency. The letters I and Q show which

of the two orthogonal local oscillator phases is used for demodulation. The numbers shows

how much that port is sensitive to the dithering of each d.o.f...

Port fdemod Phase δL− δL+ δl− δl+

AS ωm Q 1 0.00230 0.00219 0.0000493

PO ωm I 0.666 1 0.231 0.743

SY ωm Q 7.73 121 1 0.62

SY 3ωm Q 4.48 20.9 1 1.89

SY ωm I 2.29 139 0.796 1

SY 3ωm I 2.72 10.2 0.827 1

Table 5.4: Sensitivities at each port to displacement of each degree of freedom normalized

by the sensitivity of the signal to be extracted.
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The numbers shown by bold font in Table 5.4 are the inverses of the above-

mentioned separation ratios. The separation ratios of the in-phase signals are

S
(I)
SYωm

=
1

139
= 7.2 × 10−3 (5.13)

S
(I)
SY3ωm

=
1

10.2
= 9.8 × 10−2 (5.14)

It was found that the signal with 3ωm demodulation had 13.6 (= S
(I)
SY3ωm

/S
(I)
SYωm

) times

less sensitivity to δL+.

The separation ratios of the quadrature-phase signals are

S
(Q)
SYωm

=
1

121
= 8.3 × 10−3 (5.15)

S
(Q)
SY3ωm

=
1

21.9
= 4.6 × 10−2 (5.16)

It was found that the signal with 3ωm demodulation had 5.5 (= S
(Q)
SY3ωm

/S
(Q)
SYωm

) times

less sensitivity to δL+. Ideally, the quadrature-phase signals have no sensitivity to

δL+. However, in reality, the SY port signals demodulated at quadrature-phase can

be more sensitive to δL+ than to δl−. This sensitivity to δL+ comes from the imper-

fections of the interferometer like unequal arm finesses and a shift of demodulation

phase from the optimum point. In addition, the amplitude of the δl− signals are, in

principle, very small. Consequently, the resultant separation can be small as seen in

S
(Q)
SYωm

. Even so, the 3ωm scheme does obtain the δl− signal primarily from SB1s and

SB2s. Thus, V
(Q)
SY3ωm

can be less sensitive to δL+ than V
(Q)
SYωm

. This insensitivity is also

considered a benefit of the 3ωm demodulation scheme.

The benefit of the 3ωm scheme is clearly seen in the displacement spectra of the

demodulated signals with both signal extraction schemes. Figure 5.16 shows the

spectra of the in-phase signals at the SY port with 3ωm demodulation (left, black

line) and with ωm demodulation (right, black line). Both spectra were calibrated to

show the correct displacement in terms of δl+. The suppression by the δl+ feedback

loop is not compensated; the spectra represent the residual δl+ displacement under

the feedback. In both plots, gray spectra show the contribution of δL+ to these signals

estimated from the separation ratios. The spectrum of δL+ was measured at the PO

port. It is seen that the contribution of δL+ to the 3ωm signal is dominant only above
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Figure 5.16: The comparison of the in-phase signals at the SY port with 3ωm demodulation

(left, black line) and with ωm demodulation (right, black line).

40kHz, while it is dominant above 2kHz for the ωm signal. The shot noise level of

each demodulated signal in terms of δl+ is also shown in Figure 5.16. Although the

shot-noise level for the ωm signal was better than that for the 3ωm signal, it was not

beneficial because of the large mixing from δL+.

Note:

There are several points in Figure 5.16 where we must be careful about the presence of

the feedback control. The comparison of the mixing from δL+ is straightforward only

at 1k∼100kHz because it is outside of the δl+ control bandwidth. If the demodulated

signals (black lines) represented purely δl+ fluctuation, they should show the same

spectrum. However they looked different. The difference in the high frequency part

can be explained as the different amount of mixing from δL+, as described above.

On the other hand, the difference below 100Hz does not tell us which demodulation

scheme is better, but only tell that those signals represent something different. Since

the spectrum of the 3ωm signal was obtained by in-loop measurement, it always looks
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Figure 5.17: The separation ratios S
(I)
SYωm

and S
(I)
SY3ωm

as a function of TPO.

smaller than that of the ωm signal, which is measured outside of the loop. Another

point to be noted is that the estimated contribution of δL+ to the 3ωm signal looks

smaller at low frequencies than that to the ωm signal. This phenomenon also occurred

because of the feedback control.

5.4.2 Reduction of δL+ by means of adjusting an optical pa-

rameter

As described in Section 4.3.2, the residual coupling of δL+ to the 3ωm signals are

eliminated by adjusting the optical parameters of the interferometer. In order to

investigate the dependence of the separation ratios (S
(I)
SYωm

and S
(I)
SY3ωm

) on an optical

parameter, an optical loss in the recycling cavity was intentionally introduced by

changing the transmittance of the pick-off.

In order to have S
(I)
SYωm

and S
(I)
SY3ωm

at many transmittance of the pick-off (TPO),

the separation ratios were measured, the pick-off transmittance was changed, and

the process was repeated. In each measurement, TPO was measured from the AR

reflection of the beamsplitter with the interferometer unlocked.
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Figure 5.17 shows S
(I)
SYωm

and S
(I)
SY3ωm

as a function of TPO. It is clear that S
(I)
SY3ωm

was better (larger) than S
(I)
SYωm

for most values of TPO. A singular value of TPO was

found for each demodulation scheme where the separation was particularly better;

S
(I)
SY3ωm

= 1.9 was observed at TPO = 91% with 3ωm demodulation, S
(I)
SYωm

= 0.26 was

observed at TPO = 88% with ωm demodulation 3.

As shown in this section, the contribution of δL+ can be eliminated from the 3ωm

demodulated signal as well as the ωm demodulated signal by adjusting an optical

parameter. Furthermore, together with the insensitivity of the 3ωm signal to δL+,

the 3ωm signal has better separation from δL+ in most of optical parameter regions

accessably by our sweep of TPO.

5.5 Dependence of the signal sensitivity to an op-

tical parameter

In the previous section, the separation ratios were measured changing TPO. With

a similar experiment, the sensitivities of the SY port signals to δl+ and δl− were

measured in order to investigate the dependence of those sensitivity on the optical

parameters. At the same time, the DC voltage of the SY port detectors were recorded

to know the noise of the detection system4.

The following four signal sensitivities were measured:

δl+ at SYωm port :
∂V

(I)
SYωm

∂l+
(5.17)

δl+ at SY3ωm port :
∂V

(I)
SY3ωm

∂l+
(5.18)

3The ratio S
(I)
SYωm

of 0.71 was observed in the earlier experiment by Dr.Ando in his thesis [19]
4“Noise of the detection system” means the total contribution of the shot noise and the detector

electronics noise.
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δl− at SYωm port :
∂V

(Q)
SYωm

∂l−
(5.19)

δl− at SY3ωm port :
∂V

(Q)
SY3ωm

∂l−
. (5.20)

These sensitivities as a function of TPO are shown in Figure 5.18. It was found that

∂V
(Q)
SYωm

/∂l− decreased steeply when the transmittance was around 96.3%. At this

point, a sign reversal of the signal was observed, as clearly seen in the phase plot. On

the other hand, ∂V
(Q)
SY3ωm

/∂l− did not have such a sign reversal or a gain reduction.

With regard to δl+, there was no drastic change in gain or sign of ∂V
(I)
SYωm

/∂l−

and ∂V
(I)
SY3ωm

/∂l−. This was expected because the relationship g1 > g0 is not affected

by the change of TPO; TPO affects rcom,0 and rcom,1 in the same manner.

The detection noise level of the signals are shown in Figure 5.19. In general, the

3ωm signals had worse noise levels, while the noise level of δl− with ωm demodulation

was nearly same as that of δl− with 3ωm demodulation at TPO = 96.3% owing to the

reduction of the signal as described above.

These results shows that the signals obtained with third-harmonic demodulation

were robust against the change of an optical parameter. On the other hand, in general,

the noise levels of the 3ωm signals were not as low as those of the ωm signals except

when the ωm signal goes to zero.

5.6 Sensitivity variation during locking procedure

To operate the interferometer, the feedback system must be stable during lock ac-

quisition. If large optical gain variations during lock acquisition will be present, one

must design the feedback system accordingly. The amplitudes of the signals with the

3ωm scheme are less dependent on the resonant condition of the carrier, resulting in

a small variation of the optical gains. Using the 3-m interferometer, actual changes

in the sensitivities of the reflection port signals to δl+ and δl− were measured.

The sensitivities of the SY port signals to δl+ and δl− were measured at each

state of the lock acqusition procedure, i.e. the interferometer was operated by closing

either/both the gate valves between the front mirror and the end mirror.
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d.o.f. STATE2 STATE3 STATE4

δl+ (ωm) 5.91 × 108 3.51 × 108 7.73 × 107

δl− (ωm) 4.57 × 107 1.05 × 107 4.28 × 106

δl+ (3ωm) 4.78 × 108 4.18 × 108 2.83 × 108

δl− (3ωm) 5.29 × 106 2.59 × 106 2.77 × 106

Table 5.5: Sensitivities at each port to displacement of each degree of freedom in each

state of lock acquisition. (Unit: V/m)

Table 5.5 shows the sensitivities at each port to δl+ and δl− in each state of lock

acquisition. The units are V/m. During measurement, TPO was fixed at 98%. In

order to see the variation of the sensitivity between the states, the numbers in the

table are plotted in Figure 5.20.

From the results, it was found that the change of the signal sensitivity with the

3ωm scheme was less than with the conventional scheme. In terms of the conventional

scheme, ∂V
(I)
SYωm

/∂l+ and ∂V
(Q)
SYωm

/∂l− decreased by factors of 7.6 and 10.7, respec-

tively, when the arms are locked. On the other hand, the reduction of ∂V
(I)
SY3ωm

/∂l+

and ∂V
(Q)
SY3ωm

/∂l− were only 1.7 and 1.9, respectively.

In addition, the phase reversal of ∂V
(Q)
SYωm

/∂l− for the ωm demodulation schme was

observed between State3 and State4. In this case, the lock procedure described in

Section 5.2.3 does not work when using the SYωm port signal for the δl− control,

necessitating a system that diagnoses the lock state and switches the control gain

dynamically.

5.7 Operation of the 3-m prototype without the

pick-off mirror

When the error signals corresponding to δl+ and δl− are obtained from the SY port by

demodulating at 3ωm, the demodulated signal at the SY port with ωm demodulation

can be used for the signal extraction of δL+ (Section 4.6, Fig. 4.19). Particularly, the
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pick-off port of the 3-m prototype consisted of several optical components that are

fixed on the optical table directly. There is a possibility that those optics produced

noise that coupled to δL− as well as the apparent introduction of optical loss.

At the 3-m prototype, the power-recycled interferometer was made to operate

with the pick-off optics removed. In this experiment the recycling mirror was also

replaced to one with a power reflectance of 81.3% in order to be close to the critical

coupling of the carrier to the recycling cavity.

The lock acquisition with this configuration was the same as that described in

Section 5.2.3. First, the full lock was achieved by the 3ωm demodulated signals and

the arm pick-off signals. Then, the signal sources for the arms were changed to the

frontal modulation signals. With good initial alignment and proper adjustment of the

servo gains and demodulation phases, lock acquisition typically took several minutes.

Once lock was acquired, it lasted several hours when not disturbed by measurements.

The transmitted power through the end mirrors are shown in Fig. 5.21.

This optical configuration realized near critical coupling of the recycling cavity

for the carrier. The power gain for the CA was estimated as 5.67 and 5.40 from the
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(right) and stable operation (left) without a pick-off inside the recycling cavity. The powers

are normalized so as to indicate the recycling gains for the carrier.

transmitted powers through the end mirrors of the inline arm and the perpendicular

arm, respectively, while the calculated value was 5.40. From the average power gain

of 5.53, the reflectance of the compound mirror was estimated as

r2
com,0 =

(
1 − tR/g0

rR

)2

(5.21)

= 0.819 . (5.22)

This compound mirror reflectance makes the amplitude reflectance of the recycling

cavity for the carrier to be

r2
rec,0 = 0.00032 . (5.23)

According to this estimation, most of the usable carrier power has been consumed in

the interferometer. Compared with the compound mirror reflectance of 76% measured

with the pick-off mirror, the compound mirror reflectance becomes larger owing to

the removal of the loss in the recycling cavity.

The power gain of 9.0 for SB1 (G1) was derived from the power gain of 6.0 in the

recycling cavity, the modulation index of 0.55, and the average power gain for the
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5.7. Operation of the 3-m prototype without the pick-off mirror

Order Measured gain Calculated

Carrier 5.53 5.40

1st order sidebands 9.00 13.2

Table 5.6: Recycling gains attained by removing the pick-off optics, and with RR of 0.813.

Port fdemod Phase δL− δL+ δl− δl+

AS ωm Q 9.02 × 1010 3.22 × 108 4.25 × 108 1.06 × 107

SY ωm I 1.95 × 108 2.44 × 109 2.95 × 108 2.24 × 108

SY ωm Q 4.94 × 107 3.48 × 107 1.20 × 108 4.73 × 107

SY 3ωm Q 4.50 × 106 8.60 × 107 1.74 × 107 5.57 × 106

SY 3ωm I 1.83 × 108 2.12 × 108 5.31 × 108 6.40 × 108

Table 5.7: Sensitivities at each port to displacement of each degree of freedom in unit of

V/m. The meanings of the symbols in this table are the same as those in Table 5.3.

Port fdemod Phase δL− δL+ δl− δl+

AS ωm Q 1 0.00357 0.00470 0.000117

SY ωm I 0.0797 1 0.121 0.0916

SY ωm Q 0.413 0.291 1 0.396

SY 3ωm Q 0.259 4.95 1 0.321

SY 3ωm I 0.287 0.332 0.830 1

Table 5.8: Sensitivities at each port to displacement of each degree of freedom normalized

by the sensitivity of the signal to be extracted.
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Figure 5.22: The 3ωm-demodulated δl+ signals with (gray) and without (black) the pick-

off. The mechanical resonances above 100Hz have been eliminated by removing the pick-off.

CA. The reason for the large discrepancy between the measured G1 and calculated

value of 13.2 is not yet understood.

Table 5.7 and Table 5.8 show the signal sensitivities for the fully-locked interfer-

ometer. The signal sensitivities for the quadrature-phase of the SYωm port is also

shown for reference. One can see that the signals to be extracted were dominant,

except for the quadrature-phase of the SY3ωm port.

By removing the pick-off, the noise levels of the 3-m interferometer were improved;

the phase noise produced by these optical components had been observed in the δl+

spectrum. The comparison of the in-phase demodulated signals with and without

the pick-off is shown in Figure 5.22. Many peaks above 100Hz were eliminated by

removing the pick-off.

In addition, the detector noise of the signal extraction ports have also been im-

proved. This is seen in Figure 5.22 as a reduction of the floor noise level. Table 5.9
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5.7. Operation of the 3-m prototype without the pick-off mirror

Detection noise level (m/
√

Hz)

Port fdemod Phase RR = 0.637, TPO = 0.98 RR = 0.813, without PO

SY ωm Q 2.66 × 10−14 1.11 × 10−15

SY 3ωm Q 6.78 × 10−14 1.59 × 10−14

SY 3ωm I 6.84 × 10−14 2.03 × 10−14

Table 5.9: Comparison of the detection noise levels at each port with the previous config-

uration used in Section 5.4.1 and the configuration without the pick-off.

shows the improvement of the detection noise level. This improvement came from

both the reduction of the DC current at the SY port and the increase of the signal

sensitivities.

The reduction of the phase noise in the recycling cavity improved the noise level

of the δL− signal between 100Hz and 600Hz (Fig 5.23). Since the quadrature phase

of the AS port, from where the δL− signal is taken, is not sensitive to δl+ in principle,

the removal of the pickoff is expected to have no effect to the δL− signal. In practice,

however, it is possible that the δl+ phase noise affects the noise level of the δL− signal.

Since the δL− signal is sensitive to the actuation of the beamsplitter by the δl− loop,

the contribution of the δl− feedback contaminated by the phase noise of δl+ appears

in the sensitivity curve. Therefore, we obtained the improvement of the δL− noise

level as a consequence of the improvement in δl+.
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Figure 5.23: The δL− signals with (gray) and without (black) the pick-off. The noise level

is improved in the frequency region from 100Hz to 600Hz by removal of the pick-off.
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Chapter 6

Conclusion

6.1 Signal extraction of power-recycled Fabry-Perot-

Michelson interferometers

The middle- and large- scale interferometric gravitational wave antennas like the

LIGO, VIRGO, and TAMA300 detectors, utilize Fabry-Perot Michelson interferome-

ters together with the technique of power-recycling to enhance the effective incident

power. In order to realize the stable operation of such a complex optical system, it

is crucial to control the four degrees of longitudinal freedom by feeding back control

signals.

The frontal (or Schnupp) modulation scheme is one of the most elegant tech-

nique to extract the four necessary signals. With the conventional frontal modulation

scheme, however, it is difficult to obtain a δl+ component independent from the δL+

contribution. The signal extraction ports sensitive to δl+ are also highly sensitive to

δL+. In addition, amplitudes and signs of the δl+ and δl− components depend on the

optical parameters and the optical conditions of the interferometer.

If there is a scheme based on the frontal modulation scheme that robustly extracts

the signals corresponding to δl+ and δl−, it is considered useful.
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6.2 The 3ωm scheme

The 3ωm scheme is proposed by the author for extraction of the longitudinal signals.

In this scheme, the signals corresponding to δl+ and δl− are obtained at the SY port

by demodulating at the third-harmonic frequency of the frontal phase modulation.

These signals are primarily generated by the beating of the first- and second-order

sidebands. Conventionally, the signal extraction was calculated by considering only

the carrier and the first-order sidebands; the effect of the higher-order sidebands was

usually ignored. However, the author found that the second-order sidebands can

make useful contributions to the demodulated signal due to the different couplings

of the second-order sidebands to the recycling cavity. The carrier and the odd-order

sidebands are resonant in the recycling cavity, while the second-order sidebands are

always non-resonant; the effect of the second-order sidebands are emphasized at the

reflection port.

In this thesis, the following advantages of this scheme have been described:

• This technique is implemented by simply adding additional demodulation cir-

cuits; it is not necessary to modify the basic optical configuration of RFPMI as

used in the conventional scheme.

• The demodulated signals with the 3ωm scheme inherently have better separa-

tion from the contribution of δL+. Moreover, the residual contribution can be

eliminated by one of two options: 1) Adjusting the optical parameter so as not

to reflect the third-order sidebands, or 2) Applying a weak 3ωm modulation to

the incident beam so as to eliminate the third-order sidebands from the incident

beam.

• In contrast with the conventional scheme, the δl+ and δl− components in the

3ωm-demodulated signals are more robust against the change of the optical

parameters; for typical optical parameters, the signs of the signal sensitivities

do not change and their amplitudes do not change drastically.

• In addition to the change of the optical parameters, the signals are also robust
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against the change of the optical condition in the interferometer; the amplitude

of the δl+ and δl− components do not depend on the lock state.

• Since the 3ωm scheme provides an additional signal extraction port, the four

longitudinal signals that are necessary for the operation of a power-recycled

Fabry-Perot-Michelson interferometer are obtained without the pick-off mirror

in the recycling cavity. This will reduce the optical loss in the interferometer as

well as the possible noise caused by the pick-off.

6.3 Experimental investigation of the 3ωm scheme

In order to confirm these advantages, the 3ωm scheme was implemented on the 3-m

power-recycled Fabry-Perot-Michelson interferometer at University of Tokyo. The

interferometer was successfully operated with the 3ωm scheme. The results obtained

from the experiments are listed below.

• Inherent insensitivity of the 3ωm demodulated signals to δL+: The δl+

component with the 3ωm scheme is 13.6 times better separated from δL+ than

with the conventional scheme. It was also observed that the δl− component

with the 3ωm scheme is 5.5 times better separated from δL+ than with the

conventional scheme.

• Further reduction of δL+ contribution by adjusting an optical pa-

rameter: The separation of the demodulated signals from δL+ was measured

changing the pick-off transmittance (TPO). It was found that the separation ra-

tio with the 3ωm scheme is generally better than with the conventional scheme.

At the optimum point for the signal separation, a separation of 1.9 was obtained;

19 times better than with the maximum TPO.

• Sensitivity dependence to a optical parameter: The δl− component in

the conventionally demodulated signal showed a drastic change of the signal

sensitivity and a sign reversal when TPO was changed. The 3ωm-demodulated

signals showed just a mild dependence on TPO.
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• Sensitivity variation during the locking procedure: The δl+ and δl−

components in the conventionally demodulated signals showed a change of their

sensitivities during lock acquisition by factors of 7.6 and 10.7, respectively. On

the other hand, the 3ωm-demodulated signals showed changes smaller by a factor

of 1.7 and 1.9, respectively.

• Operation of the interferometer without the pick-off: The 3-m inter-

ferometer was operated without the pick-off mirror. The recycling mirror was

replaced at the same time, resulting in an increase of the recycling gain for

the carrier from 3.9 to 5.5. Since the pick-off had produced excess phase noise,

removing the pick-off improved the noise level of the interferometer.

6.4 Discussion

The shot noise level of the 3ωm signals is, in general, worse than that of the conven-

tionally demodulated signals. The main interferometer signal δL− has a sensitivity

to δl+ and δl−, although their couplings are small. Therefore, by feeding back the

noisy signal to the recycling mirror and the beamsplitter can cause noise coupling to

δL−. In order to prevent this kind of coupling, it may be necessary for δl+ and δl−

to be controlled with a narrow bandwidth.

In this thesis, extraction of δL+ has not been described in detail. The signal

sensitivity of δL+ does increase drastically at the last moment of the lock due to

sudden increase of the carrier in the interferometer. Although this change of the

signal sensitivity is inevitable, the sign of the signal does not change. Therefore, this

problem can be solved, for instance, by a system with a variable gain filter.

6.4.1 Prospect to TAMA300 recycling

The 3ωm scheme is planned to be used in the recycling experiment of TAMA300. This

scheme is considered to be an indispensable part of the control system for TAMA300.

With the optical parameters of TAMA300, we expect that the signals with the
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conventional scheme have very large variation in amplitude and phase during the

lock acquisition procedure. When only the recycled Michelson part is locked, having

unlocked arm cavities, it is expected for TAMA300 to have a recycling gain of 0.18

and 4.4 for the carrier and the first-order sidebands, respectively. In this stage, the

carrier is very under-coupled to the recycling cavity. When the lock of the arms

are completed, the carrier recycling gain increases to 4.6, and the coupling becomes

over-coupled, while the first-order sidebands are always over-coupled. This change

of the carrier coupling to the recycling cavity causes the changes in the signs for

both δl+ and δl− signals. In addition to the sign change, the gain variation of δl+

component with the conventional scheme are also expected to be large. During the

lock acquisition procedure, the signal sensitivity for δl+ with the conventional scheme

is estimated to decrease by a factor of 43.

These dynamics can cause instability of the control system when the simple feed-

back loops with fixed signs and gains are used. On the other hand, the δl+ and

δl− signals with the 3ωm scheme do not have sign reversals. Also, the change of the

optical gain for δl+ and δl− are estimated to be 0.82 and 0.46, respectively. With

only the conventional demodulation scheme, the lock acquisition process requires an

adaptive control system that diagnoses the status of the interferometer and dynam-

ically changes the feedback condition. Since TAMA300 currently don’t have such a

control system with an adequately fast response, a robust control scheme like the 3ωm

demodulation is indispensable.

6.5 Conclusion

The 3ωm scheme, proposed by the author, was investigated in this thesis. Many

of its advantages were confirmed by experiments with the 3-m suspended prototype

interferometer. The author concludes that this scheme is useful to robustly obtain

the signals for longitudinal control of power-recycled interferometers, and to simplify

the control systems. In addition, this scheme substantially contributes to improving

the stability and the sensitivity of interferometric gravitational wave detectors by
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simplifying their optical configurations. This scheme will be very helpful for the

recycling experiment of the TAMA300 gravitational wave detector to achieve lock

acquisition.

Additional note on Feb. 27th, 2002:

The TAMA recycling team installed the recycling mirror to TAMA300 on 28th

November, 2001. On 24th December, 2001, we succeeded to acquire lock of the full

interferometer with the 3ωm demodulation scheme in order to obtain the signals cor-

responds to δl±. Since those signals had no sign change during the lock acquisition —

that is as expected — the lock was acquired without any special device to change the

feedback system dynamically. Though we are also trying to acquire lock of the inter-

ferometer with the conventional frontal modulation scheme, we have not succeeded

so far. In this sense, we proved that the 3ωm scheme has a significant advantage in

the context of the TAMA recycling experiment.
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Appendix A

Frequency tripler

A frequency tripler is defined as a device that gives an oscillation at three times the

frequency of a periodic input. In general, frequency multipliers are used for many

purposes such as base-band conversion of crystal oscillators, and clock multiplier for

digital equipments like PCs. Many schemes of frequency multiplication have been

invented, and are useful for differeny purposes.

One of the most interesting purpose for the author is the application of frequency

triplers to signal extraction of interferometric gravitational wave detectors. In a

power-recycled Fabry-Perot-Michelson interferometer, control signals for the recycling

mirror and the beamsplitter are robustly obtained by demodulating photocurrent

of the reflected light from the recycling mirror with local oscillators at the third-

harmonic frequency of the modulation. These local oscillators are produced from the

modulation signal using frequency triplers.

The 3-m prototype interferometer uses a modulation frequency of 40MHz. There-

fore, the frequency tripler for the 3m must work at 120MHz. These frequency triplers

were produced by a nonlinearly driven transistor with a tuned circuit (Fig. A.1). A

transistor for high frequency (2SC2347) was nonlinearly driven with a bias voltage

of about 650mV 1. Consequently, the output of the amplifier was distorted and am-

plified. Since the amplifier has resonant circuits, the output is sinusoidal. The input

resonant circuit is tuned at 40MHz, while the two output resonant circuits are at

1The bias of 2∼3 V is applied for linear purposes.
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FCZ144 x2

120MHz
OUT

Figure A.1: The circuit diagram of the frequency tripler for the 3-m prototype interferom-

eter. FCZ50 and FCZ144 are variable inductances for resonant circuits produced by FCZ

lab.

120MHz.

This circuit has the following features:

• The amplitude of the output is proportional to that of the input. When the

input is too large or small, however, the circuit does not work properly. In our

case, there is no tripled output when the input is smaller than 350mVpp. On the

other hand, there is a limit to the output amplitude; when the input is larger

than 1Vpp, the tripled output is no longer proportional to the input amplitude.

• The working bandwidth of the circuit is narrow; it is necessary to tune the

resonant circuit to have an output at the desired frequency.

• Since the amplification is narrow-band, the purity of the output spectrum is

high.

The input and output waveforms of the frequency tripler are shown in Figure A.2.

The upper and lower plots show the input and output waveforms measured with 50Ω

termination, respectively. One can see that the output frequency is actually three

times that of the input frequency. The output waveform is quite sinusoidal.
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Figure A.2: Input and output waveform of the frequency tripler for conversion from 40MHz

to 120MHz. The upper and lower plots show the input and output waveforms measured

with 50Ω termination, respectively.
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Figure A.3: The setup to measure the phase noise produced in the frequency triplers.
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Appendix A. Frequency tripler

Using a frequency mixer, the relative phase between two sinusoidal waves (V1, V2)

can be measured. Assuming V1 = A sin ωt and V2 = B cos(ωt + φ), the output of the

frequency mixer is given by,

Vout = K sin ωt cos(ωt + φ) (A.1)

=
K

2
sin φ +

K

2
sin(2ωt + φ) . (A.2)

By filtering this output with a low-pass filter, the term that depend only on φ is

extracted. The conversion coefficient from phase to voltage (K/2) is measured by

sweeping the phase by more than 2π. If φ is set to zero, fluctuations of the phase

around φ = 0 are measured independent from the amplitude fluctuation of the mixer

inputs.

The phase noise of the frequency tripler was measured with the setup shown in

Figure. A.3. To make the two inputs to the mixer orthogonal (φ = 0), the phase

shifters before the frequency triplers were adjusted. By sweeping the phases, the

conversion coefficient from phase to voltage was measured as 2.07V/rad. The mea-

sured power spectrum of the phase noise is shown in Figure A.4. A phase noise

of 1 × 10−7rad/
√

Hz above 100Hz, and 6 × 10−8rad/
√

Hz above 1kHz was obtained

although many line peaks at the harmonics of power supply line (50Hz) were also

observed.
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Appendix B

Conditions for gain constraint

Assume that the two signal extraction ports V+ and v+ are present. They are sensitive

to δL+ and less sensitive to δl+. We assume the sensitivities of V+ and v+ to δL+ are

unity, while the sensitivities to δl+ are ε1 and ε2, respectively. The error signals V+

and v+ are used for the feedback control of δL+ and δl+ with control gains of H1 and

H2, respectively. This servo topology is depicted in Figure B.1.

The error signals V+ and v+ under this servo condition are solved in the following

way. The error signals are expressed by the linear combination of the stabilized

fluctuations δL+s and δl+s, as given by,

V+ = δL+s + ε1δl+s (B.1)

v+ = δL+s + ε2δl+s . (B.2)

These stabilized fluctuations are expressed as

δL+s = δL+ + H1V+ (B.3)

δl+s = δl+ + H2V+ . (B.4)

These equations are summarized in the following matrix expression:
 1 − H1 −ε1H2

−H1 1 − ε2H2




 V+

v+


 =


 1 ε1

1 ε2




 δL+

δl+


 . (B.5)

Thus, the solutions for the error signals are given by
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Appendix B. Conditions for gain constraint

H1

H2

ε1

ε2δl+

δL+

δL+s

δl+s

V+

v+

Figure B.1: Servo topology.


 V+

v+


 =

1

∆


 1 + (ε1 − ε2)H2 ε1

1 ε2 + (ε1 − ε2)H1




 δL+

δl+


 . (B.6)

∆ = (1 − H1)(1 − ε2H2) − ε1H1H2 (B.7)

At the final state, δL+ is controlled with wide bandwidth and high low-frequency

gain. Therefore, we consider two extreme case 1) H1=0, 2) H1 → ∞, and then

compare what happens to the δl+ loop.

1) H1 = 0

By substituting H1 = 0, Eqs. (B.6) and (B.7) are represented by

V+ =
1 + (ε1 − ε2)H2

1 − ε2H2

δL+ +
ε1

1 − ε2H2

δl+ (B.8)

v+ =
1

1 − ε2H2

δL+ +
ε2

1 − ε2H2

δl+ (B.9)

The optical gain of v+ for δl+ is given by ∂v+/∂δl+ when H2 = 0. That is ε2.

Therefore, we can assume the servo configuration for δl+ is that depicted in Figure B.2.
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2) H1 → ∞

When H1 → ∞, Eqs. (B.6) and (B.7) are represented by

V+ → 0 (B.10)

v+ → ε2 − ε1

1 − (ε2 − ε1)H2
δl+ (B.11)

The optical gain of v+ for δl+ is ε2 − ε1; we can assume the servo configuration for

δl+ is that depicted in Figure B.3.

Gain constraint

We can conclude that the optical gain of v+ is ε2 when the δL+ loop is not present,

and ε2 − ε1 when the δL+ is controlled with a wide bandwidth and a high gain,

respectively. Therefore when

ε1 > ε2 > 0 (B.12)

or

ε1 < ε2 < 0 , (B.13)

the servo control of δL+ can affect the sign of the δl+ optical gain. This can cause

instability of the servo system. This situation is called “gain constrained”. These

conditions are equivalent to the conditions Eqs. (4.9) and (4.10) introduced in Sec-

tion 4.2.
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