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Abstract

2

• I will explain some theories to derive thermal noise

• Fluctuation-Dissipation Theorem

• Viscous damping model

• Structure damping model

• Deriving…

• Brownian motion in a dilute gas

• Suspension thermal noise

• Mirror thermal noise

• Apply these noises calculations to my DPFP cavity setup

• Ploted shot noise and radiation pressure noise too
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Mind map to understand thermal noises

3 kinds of thermal noises will be derived from The Fluctuation-Dissipation Theorem 
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The Fluctuation-Dissipation Theorem

揺動散逸定理

Brownian motion in a dilute gas 

Suspension thermal noise Mirror thermal noise

Viscous damping model Structure damping model

𝜔 ≪ 𝜔0𝜔 ≫ 𝜔0

𝜙 =
𝜔

𝜔0

1

𝑄
𝜙 =

1

𝑄Loss angle : 



The Fluctuation-Dissipation Theorem 揺動散逸定理
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≡ 𝑍(𝜔) : Mechanical impedance

Mechanical admittance Y 𝜔 = 𝑍−1(𝜔)

Equation of motion of the oscillator system having a dissipation

Force power spectrum              F2 𝑓 = 4𝑘𝐵𝑇 Re 𝑍 [𝑁2/Hz]

Displacement power spectrum 𝑥2 𝑓 =
𝑘𝐵𝑇

𝜋2𝑓2
Re 𝑌 [m2/Hz]

Using Z and Y, power spectrum can be written  

The Fluctuation-Dissipation Theorem

Oscillator system with a damper

If we decide on 𝜙 and 𝑘,

We can derive spectrum 

𝑚

𝑘(1 + 𝑖𝜙)𝐹𝑒𝑥𝑡

𝑥

𝐹𝑒𝑥𝑡 = 𝑚 ሷ𝑥 + 𝑘(1 + 𝑖𝜙)𝑥

෨𝐹𝑒𝑥𝑡 = 𝑖𝜔𝑚 +
𝑘

𝑖𝜔
+
𝑘𝜙

𝜔
𝑣

𝑚 ሷ𝑥 = 𝐹𝑒𝑥𝑡 − 𝑘(1 + 𝑖𝜙)𝑥

How much dissipation

Resonant frequecy
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The Fluctuation-Dissipation Theorem

揺動散逸定理

Brownian motion in a dilute gas 

Suspension thermal noise Mirror thermal noise

Viscous damping model Structure damping model

𝜔 ≪ 𝜔0𝜔 ≫ 𝜔0
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Viscous damping model for thermal noise
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𝑚 ሷ𝑥 = 𝐹𝑒𝑥𝑡 − 𝑏 ሶ𝑥 − 𝑘𝑥

𝐹𝑒𝑥𝑡 = 𝑚 ሷ𝑥 + 𝑏 ሶ𝑥 + 𝑘𝑥

෨𝐹𝑒𝑥𝑡 = 𝑖𝜔𝑚 + 𝑏 +
𝑘

𝑖𝜔
𝑣

≡ 𝑍(𝜔) : Mechanical impedance 𝑚

𝑏

𝑘
𝐹𝑒𝑥𝑡

𝑥

In viscous damping, 

𝑚

𝑘(1 + 𝑖𝜙)𝐹𝑒𝑥𝑡

𝑥

𝜙 =
𝜔

𝜔0

1

𝑄
the loss angle : 

It is equal to consider an oscillator system with a spring 

constant of 𝑘 and a damping constant of 𝑏 =
𝑘

𝜔0𝑄



Kinetic theory of gases 気体分子運動論

9

Equation of State

Maxwell-Boltzmann distribution describes a distribution of velocity of molecules

𝑓 𝑣 =
𝜇

2𝜋𝑘𝐵𝑇

3
2

exp −
𝜇(𝑣𝑥

2 + 𝑣𝑦
2 + 𝑣𝑧

2)

2𝑘𝐵𝑇

Average speed of particles

ҧ𝑣 = න
−∞

∞

𝑑𝑣𝑥න
−∞

∞

𝑑𝑣𝑦න
−∞

∞

𝑑𝑣𝑧 𝑣𝑓(𝑣)

=
8𝑘𝐵𝑇

𝜋𝜇

𝑝 = 𝑛𝑘𝐵𝑇

𝑝 : Pressure [Pa]

𝑛 : The number of density of 

molecules in the gas [/m3]

𝑘𝐵 : Boltzmann constant [m2 kg s−2K−1]

𝑇 : Temperature [K]

𝜇 : The mass of an individual molecule [kg]

𝐴 : Cross sectional are [m2]

Considering kinetic theory of gases for how much test mass fluctuates due to molecules in the gas 



Brownian motion in a dilute gas
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Force of friction between the mass swinging at speed of 𝑣𝑝 and particles

𝐹friction = −𝜇𝑁𝑣𝑝 = −
1

4
𝜇𝑛 ҧ𝑣𝐴𝑣𝑝

≡ 𝑏𝑔𝑎𝑠

Displacement power spectrum 𝑥𝑣𝑖𝑠𝑐𝑜𝑢𝑠
2 𝑓 =

4𝑘𝐵𝑇𝑏𝑔𝑎𝑠

𝜔2𝑏𝑔𝑎𝑠
2 + 𝑘−𝑚𝜔2 2

Spring constant of the harmonic oscillator of suspension

𝑘 =
𝑚𝑔

𝑙

𝑣𝑝

𝑁 = න
0

∞

𝑛𝑣𝑥𝐴 𝑓 𝑣 𝑑𝑣𝑥𝑑𝑣𝑦𝑑𝑣𝑧

=
1

4
𝑛𝐴 ҧ𝑣

The rate of collisions with molecules arriving form one side

𝐴

𝑥2 𝑓 =
𝑘𝐵𝑇

𝜋2𝑓2
Re 𝑌

単位時間当たりの衝突個数

The Fluctuation-Dissipation Theorem
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The Fluctuation-Dissipation Theorem

揺動散逸定理

Brownian motion in a dilute gas 

Suspension thermal noise Mirror thermal noise

Viscous damping model Structure damping model

𝜔 ≪ 𝜔0𝜔 ≫ 𝜔0

𝜙 =
𝜔

𝜔0

1

𝑄
𝜙 =

1

𝑄Loss angle : 



Structure damping model for thermal noise
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Displacement power spectrum 𝑥𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒
2 𝑓 =

4𝑘𝐵𝑇𝑘𝜙

𝜔(𝑘2𝜙2+ 𝑘−𝑚𝜔2 2

𝐹𝑒𝑥𝑡 = 𝑚 ሷ𝑥 + 𝑘(1 + 𝑖𝜙)𝑥

෨𝐹𝑒𝑥𝑡 = 𝑖𝜔𝑚 +
𝑘

𝑖𝜔
+
𝑘𝜙

𝜔
𝑣 𝑏 =

𝑘𝜙

𝜔

𝑚

𝑘(1 + 𝑖𝜙)𝐹𝑒𝑥𝑡

𝑥

𝑚 ሷ𝑥 = 𝐹𝑒𝑥𝑡 − 𝑘(1 + 𝑖𝜙)𝑥

In structure damping, 𝜙 =
1

𝑄
the loss angle : 

𝑥2 𝑓 =
𝑘𝐵𝑇

𝜋2𝑓2
Re 𝑌

= 𝑍(𝜔)

The Fluctuation-Dissipation Theorem



Suspension thermal noise and Mirror thermal noise
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Displacement power spectrum 𝑥𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒
2 𝑓 =

4𝑘𝐵𝑇𝑘𝜙

𝜔(𝑘2𝜙2+ 𝑘−𝑚𝜔2 2

≃
4𝑘𝐵𝑇𝜙

𝑚𝜔𝜔0
2 ∝

1

𝜔

≃
4𝑘𝐵𝑇𝜔0

2𝜙

𝑚𝜔5
∝

1

𝜔5

Considering the situation at low and high frequencies separately 

(𝜔 ≪ 𝜔0)

(𝜔 ≫ 𝜔0)

For suspension thermal noise, 𝜔0 = 𝒪(1) [Hz]

For mirror thermal noise, 𝜔0 = 𝒪(104~105) [Hz]

In our main interesting frequency region 1~104[Hz]

Suspension thermal noise is proportional to 
1

𝜔5

Mirror thermal noise is proportional to 
1

𝜔
𝑓104102101 103

𝑥(𝑓)
1

𝜔5/2

1

𝜔1/2
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How much order is the level of thermal noises in my setup?
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𝑓0𝑠𝑢𝑠 = 1[Hz]

𝑝 = 1[Pa]

𝜙𝑚𝑖𝑟𝑟𝑜𝑟 = 10−8

𝜙𝑠𝑢𝑠 = 10−4

Roughly assuming some parameters…

𝑓0𝑚𝑖𝑟𝑟𝑜𝑟 = 100[kHz]

𝑇 = 300[K]

Fused silica substrate

Tungsten wire with a 

diameter of 0.2 mm

𝑥𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒
2 𝑓 =

4𝑘𝐵𝑇𝑘𝜙

𝜔(𝑘2𝜙2 + 𝑘 −𝑚𝜔2 2

𝑥𝑣𝑖𝑠𝑐𝑜𝑢𝑠
2 𝑓 =

4𝑘𝐵𝑇𝑏𝑔𝑎𝑠

𝜔2𝑏𝑔𝑎𝑠
2 + 𝑘 −𝑚𝜔2 2

For Brownian motion in a dilute gas

For Suspension and Mirror thermal noise

Resonant frequencies



How much order is the level of quantum noises in my setup?
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𝑥𝑠ℎ𝑜𝑡 𝑓 = 𝐿
ℏ𝜆

8𝜋𝑐𝑃

1

𝜏2
+ 𝜔2

𝑥𝑟𝑝 𝑓 =
1

𝑚𝜔2

2ℱ

𝜋

32𝜋ℏ𝑃

𝑐𝜆

1

1 + 𝜔𝜏 2

Shot noise 

Radiation pressure noise 

𝜏 =
2𝐿ℱ

𝜋𝑐

ℱ = 314

𝐿 = 0.56 [m]

𝑃 = 10 [mW]

𝜆 = 1064 [nm]

𝑚 = 0.3 [kg]

Used parameters
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Summary

・Introduced The Fluctuation-Dissipation Theorem

・Derived power spectra of 2 models

・Viscous damping model

・Structure damping model

・Calculated and estimated roughly thermal noise level of my DPFP cavity setup
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Thank you for listening
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