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Assignment for Nov 17

« Give an example where bigger is not necessarily
better for a gravitational wave detector, and explain

the reason.

* You may also answer from the Google Form below
https://forms.gle/6AwJ48XcpWQXgMon9

Don’t forget to put
your name and
student#

You may answer in
any language



https://forms.gle/6AwJ48XcpWQXqMon9

Nonlinearity in GW detectors

* Assignment for the previous lecture was about

nonlinearity

« Actually, everything is nonlinear to some extent

- Detuning
- Actuation
- Scattered

light noise
etc...
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Plan of the Lecture Today

Seismic noise (Note: | have updated the definition OD

: : Fourier transformation by Q4r
Newtonian noise in Lecture 3 for better explanation of

Thermal noise \thermal noise today )
- Suspension thermal noise
- Mirror substrate thermal noise
- Mirror coating thermal noise

Goal: Understand the mechanism and mitigation
schemes for seismic noise, thermal noise and other
displacement noises


https://granite.phys.s.u-tokyo.ac.jp/michimura/lectures/ObservationalAstronomyAdvancedCourseI2025_3_michimura.pdf

List of Parameters

Gravitational wave
strain [1] 5L
| h = —

Laser

— | L
Equation of motion }
.o . 9 ]
mlr +~vxr+wix) = Energy damping
q ( v m ) f rate [rad/s]
: Mechanical
Cavity length [m] /y
(Arm length) ?I*e;’gS::gy
L [rad/s]
— Q= T
kopt /Yopt Q factor [1] /Y

Optical spring,

Optical damping
2
Spring constant [N/m]km = TNw 6

T Mass [kg]
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Advanced LIGO Design
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KAGRA Design
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Key Points

« Actual noise spectrum is much more complicated
than the design, and so many kinds of noise
contributes to the spectrum

* |In the design, quantum noise limits the sensitivity In
most of the frequency band, but this is only true
when classical displacement noises are reduced

* This is why we do “commissioning”
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Seismic
Noise



Seismic Vibration

« Ground always vibrates even if there are no
earthquakes (S0F M), micro-tremor)

* Vibration level differs by
day and night
stormy day and calm day
urban place and countryside
surface and underground

e Site selection is
very important for
GW detectors
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GW Detector Sites

— LIGO Livingston
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https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.86.121

Vibration Isolation

Typical SeismIC NOISe (according to Saulson)

o (W) = 10~ m/v/Hz 1-10 Hz
ST 1079 (10Hz/£)? m/vHz  >10 Hz
Needs vibration attenuation by L x(1)

~9 orders of magnitude Lllldiilu

Use pendulums to
attenuate the ground vibration
- Low frequency & Multi-stage

: ,2 Recall Lecture 3
113 (LL )
2 _ 2 r WWm
wm W —|- 1 O

z(t) 14


https://granite.phys.s.u-tokyo.ac.jp/michimura/lectures/ObservationalAstronomyAdvancedCourseI2025_3_michimura.pdf

o Better vibration isolation with a lower
resonant frequency

 Buton Earth, [ ~ 1 m is a rough limit
fin
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Multi-Stage Vibration Isolation

« Multi-stage pendulum for
better isolation at higher frequencies

« Good vibration isolation for ground-based

gravitational-wave detector band f-2
102 | | | (10 Hz ~ 1 kHZz)
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KAGRA Vibration Isolation

—_\ S

* 13.5 m tall, 9-stage pendulum

including inverted pendulum on top

—— Seismic

- Test mass
- = Test mass RMS
--- Requirement

SEISMIC NOISE
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Low Frequency Vibration Isolation

* Anti-springs are used for making ~  _ 1 /g

resonant frequency low 2\ 1

~0.5 Hz for pendulums

Inverted pendulum _ _ _ _
M ) Geometric-Anti-Spring filter

7

Mg sinB

Expanded
Initial Angle
‘ GAS Blade

Compressed

(Xg.)0) Load



Vertical Vibration Isolation

« Vertical vibration isolation is also
necessary since the beam axis is not

perfectly horizontal (also ground tilt
iIn KAGRA case to drain water)




10560

Virgo Superattenuator

Superattenuator Payload 10.1088/1402-4896/ac2efc

02000

ﬁ" il \_./ & | Interface to
steering filter

Marionette

Actuation
Cage

Test Mass
Mirror

21


https://doi.org/10.1088/1402-4896/ac2efc?urlappend=%3Futm_source%3Dresearchgate.net%26medium%3Darticle
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LIGO Quads & Active Isolation

Advanced LIGO

hydraulic external pre-
isolator (HEPI) (one
stage of isolation)

active isolation
platform (2 stages
of isolation)

ey

quadruple pendulum (four
stages of isolation) with 22
monolithic silica final stage

G1100866-v8
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KAGRA Geophysics Interferometer
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Seismic Forecast

* Microseism at Livingston
Is affected by weather in
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Microseism level at

KAGRA can be predicted
from ocean wave data

forecast Earthquake |
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Protection from Seismic

« LIGO: SEISMON + Picket Fense
- Switch suspension control modes based on seismic data
around the detector (low noise mode or robust mode)
= * E. Bonilla+, LIGO-G2300553

= e : E Schwartz+, CQG 37, 235007 (2020)
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« Useful to improve duty factor
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Newtonian Noise

* Newtonian gravitational force fluctuations on
mirrors (also called gravity gradient noise
- ground
- atmosphere
- Sea waves
- underground water
- human activities

Pendulum

Mirror

Gravit\
Modified from t___}
BT IL—1\vDI R

REFTEITH _ _
E;ﬁ;fé H Ground vibration 27




Y: Perpendicular to arm [m]

Estimation and Cancellation

« Estimations say they could contribute to sensitivity,
especially for next generation detectors

* Could be subtracted with, €. g selsmometer array
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Water Newtonian Noise

¢ FIOW Of 7 — KAGRA target sensitivity
10‘15 - —Modeu a;{MoideISZ (V;2rr(1], gv§0.2m)
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<
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bad g
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K. Somiya,
JGW-G1910792
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Underground GW Detector

« Underground site gives lower seismic noise and
lower Newtonian noise

« KAGRA is the first km-scale underground detector

« Future GW project Einstein Telescope also
considers using undergrund site

= KAGRA site
1 (March 2014)
30
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Brownian Motion
1827 Robert Brown

Discovered random motion
of pollen grains in water

1905 Albert Einstein

Molecular-Kinetic Theory

— Quantitative calculations on
the movement of small particles in
a liquid (Ph. D. Thesis)

1908 Jean Perrin

Experimental verification using colloid Iqui

Lead to proof for existence of atoms,
statistical physics

32



Johnson-Nyquist Noise
« 1926 John B. Johnson £

Pbserved voltage fluctuation
across a resister

* 1928 Harry Nyquist
V2 = 4kgTRAf
[ 1

/

/ |
/ V3vs. RESISTANCE
¥ ® "
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X CuSO, IN H0 |
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o Ca(NDy)y =

l
i

7 x10° e-

3 4 - L
RESISTANCE COMPONENT, OHMS

Fig. 4. Voltage-squared vs. resistance component for various kinds of conductors.

o)
J. B. Johnson, Phys. Rew. 32,§7"1928)



https://journals.aps.org/pr/abstract/10.1103/PhysRev.32.97

Amplitude

Generalization of Brownian Motion

1951 Herbert B. Callen and Theodore A. Welton
Fluctuation-Dissipation Theorem |

« 1957- Expanded by Ryogo Kubo
i Linear Response Theory '

MMMI\MMI\MMAMA AAAAA S

Energy dissipation

Thermal
System bath

Thermal T

fluctuating force v




Johnson-Nyquist Noise Derivation

* Resistance with a small capacitance (Low pass filter)

V, (w) I? Vout (w)
Thermoelectric voltage Voltage observed
| C
* Transfer function from ! Small stray capacitance
Vn (w) to %ut (w]? S Recall Lecture 3
H(w) = ,
() 1 +wRC
« Assume that thermoelectric voltage is a white noise
Svn (w) =),

Two-sided power spectral density of Vn


https://granite.phys.s.u-tokyo.ac.jp/michimura/lectures/ObservationalAstronomyAdvancedCourseI2025_3_michimura.pdf

Johnson-Nyquist Noise Derivation

* Observed voltage fluctuations will be

V2. () = QL / Sv... (w)dw Perseval's theorem
T J-c

1 O
= - |H(w)|*Sy, (w)dw Linear response
1 [ D q
— w
21 J_o 1+ (WCR)?
D

- 2CR 1 1
* From equipartition of energy QCme(t) = §kBT
* Therefore

SVH (w) =D = ZkBTR




Johnson-Nyquist Noise Derivation

« Usually, we use two-sided power spectral density

SVn (w) — 2kBCZ—’R Two-sided power spectral density

GVn (f) — 4kBTR One-sided power spectral density

V(D) = i/w Sy (w)dw

/ G, (f

- For limited bandwidth A\ f
Vn2 = 4kgTRAf Johnson-Nyquist noise




Brownian Noise of Oscillators

« Transfer function from force to Llldgiited
displacement IS Recall Lecture 3
(@)= ———

X\W) = — : "
Susceptibility mw2 — w? ng damping — “m
(RZR) Y g

* Assume thermal fluctuation -"
force is a white noise

an (w) =) Il

* From equipartition of energy

1

imwrznﬁ( ) = —kBT

38


https://granite.phys.s.u-tokyo.ac.jp/michimura/lectures/ObservationalAstronomyAdvancedCourseI2025_3_michimura.pdf

Brownian Noise of Oscillators

« By repeating similar calculations... — <L&iiid
xz<t>=i/ S ()
= —/ [x(W)]*S, (w damping _ Wm
Y Y

D
27Tm2 / (w? — w2)? + (W?w? /Q)?
_ @D

o 2,,3
2mews,

 Therefore
St (w) =D = 2kgTmy
Gy (f) = 4kgTmry

-'O

39



Fluctuation Dissipation Theorem

* Linear system

F(w) z(w)
Generalized force> SyStem Generalizea coordinate
« Susceptibility Impedance ) )
r(w) F(w F(w
— Z — —
x(w) F(w) (w) v(w) iwr(w)

Inverse of impedance

» Thermal fluctuating force will be s called admittance

GFn (f) — 4kB TRG(Z(CU)) Real part of impedance

(called resistance)

~ T @)




Derivation from FDT

1
« Harmonic Oscillator Gr. (f) = —4kgT
. . wIm(x(w))
A R = kT 1 /Q)
/ Force Displacement Velocity\ n Tw M m
F(w z(w — kBl TTVY
@) > System ) v)(w)
Voltage Charge Current
_ V(w) Qw) I(w) ) |
« Johnson-Nyquist Noise W=7 Hw) = 1 50Re

Gv. (f) = 4kgTRe(Z(w))  ~7uc

= 4k TR “ac



displacement noise (m/rtHz)

Thermal Noise in Displacement

Brownian thermal noise will be

Goo(f) =

X (w)[*GF,(f)
4kgT'm~y

(W? = wi)?

+ (Whon /Q)?

kgl

2
mw:,
This do not depend on Q

When Q is high, most of the
L—" power is in the resonant peak,

and thermal noise at higher

frequencies is reduced

S1070 1

frequency (Hz)




Q Measurement

* Resonant frequency and Q-value can be measured

from the impulse response Fourier transform of

]. wmt 1 1

r(t) = e 20 sinwpt € X = 0

MWy

Time

Amplitude

tuning fork

43



Viscous and Structure Damping

* Viscous damping
- Damping by a force proportional to velocity
- €.g. gas damping, eddy-current damping

m (% + vy +wix) = f _ Ym
Frequency independent Q
« Structure damping

- Energy loss due to internal loss

. T . Frequency
- .9. internal friction of materials  ;¢pendent 2
- ideal elastic material Y(w) = =
Fypring = —kx (Hooke’s Law) W)
- anelastic material ~ _loss angle 4
Fsprlng (1 + 7/¢) ¢ — A

Q



Viscous and Structure Damping

o Structure has smaller noise above resonance

10_1[] 5 j
T 0

=
mwg w

=

3
H
H

—~1/2

X W

= =
° 9
et et
Y P

=

<
H
I

=

<
H
Ln

=

<
H
)

displacement noise (m/rtHz)

=

<
H
~J

frequency (Hz)



Pendulum Thermal Noise

* Restoring force also from elasticity

Fspring — _(mg/l T kel(l + Z¢)) l \

(mg/l T kel 1+ Z¢p
. GraV|tat|onaI dllutlon

/¢p \mg/l -|- kel Ql \/

bending

loss angle m
dllutlon factor
of pendulum 10-3~10-2 intrinsic loss angle
10->~107 of wire 10-4~10-3
k‘ L V TEI L \/ng[ E \\,/vviil;'i’:?:ljs;cg)jr’]s modulus
el — 2[2 o 2[2 I: wire moment of inertia

46



Pendulum Thermal Noise

Suspension thermal noise (w > wy)
4k Twm
22 (w) = —2 %

susp

f

From now on we will say
that this is one-sided 4k.BCF
power spectral density 5
mw 2lw m g

* To lower the thermal noise
lowecargarsne ) o /5
- longer suspension T, (w) oc I73/2
- heavier mirror

Tsusp (W) X m~ /% assuming J o A2

A: wire cross section
m x A
(we will need thicker wire to suspend heavier mirror) 47

bending




Pendulum Thermal Noise

« Suspension thermal noise (w > wp)

2 () — HeeTlom 6 z \

SUusp mw4 W

bending

« Calculate suspension thermal noise for
m=10 kg, fo= 1Hz, T =300 K, ¢, = 10°

at 100 Hz. k5 =1.38 x 107 J/K

m™m
100 Hz \ %/
Tsusp(W) = 1.0 X 10~ ( 7 Z) m /v Hz
Sufficient for GW detection!

48



Suspension Thermal Noise in LVK
* Advanced LIGO (US)

40 kg, 60 cm,
fused silica,
295 K, pw=~1e-7

* Advanced Virgo (ltaly)

42 kg, 70 cm,

fused silica,

295 K, pw=~1e-7
 KAGRA (Japan)

23 kg, 35 cm,

sapphire,

22 K, pw=2e-7

sensitivity [1/@]

=
o
I

M

'—I

107w

frequency [Hz]







Challenges (opportunities) In Cryogenics

« KAGRA s the first km-scale GW detector to use
cryogenics to reduce thermal noise

* Fused silica has large mechanical loss at cryogenic
temperatures
— sapphire

 Limitation in mirror size: 23 kg
(small compared with aLIGO/AdV)

— smaller beam size o
worse quantum and thermal noy

 Thicker wire for heat extraction
— larger suspension thermal noise

 Vibration of cryocoolers




mechanical loss

Material Search is Important

 Thermal noise O T

e

ET.027-09 Temperature
107 ‘ ‘
1 6 01 06
° L4 1
[ ]
107 ¢ 8 3
® fused silica =
calcium fluoride 167 %
1 ©
. v s.a.pphlre a7 g
10 " r 4 silicon 16 34 ©
“17 - 4 g
10 5
£
514 5
5| P RE N ghi4 ] =
10 11 d s 04 7 e 1 15 g
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107°
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Mechanical loss angle
(temperature dependent)
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= fused silica
calcium fluoride

Sapphire / silicon Fysed silica

Is good at
cryogenic temp.

iIs good at
room temp.

I,
\ /

| | |
150 200 250 300
temperature [K]

Silicon has zero
thermal expansion
at 18 Kand 123 K 52


https://workarea.et-gw.eu/et/WG5-Management/et-codified-documents/internal-docs/Nawrodt_ET-027-09-1.pdf/
https://workarea.et-gw.eu/et/WG5-Management/et-codified-documents/internal-docs/Nawrodt_ET-027-09-1.pdf/
https://workarea.et-gw.eu/et/WG5-Management/et-codified-documents/internal-docs/Nawrodt_ET-027-09-1.pdf/
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https://workarea.et-gw.eu/et/WG5-Management/et-codified-documents/internal-docs/Nawrodt_ET-027-09-1.pdf/

Mirror and
Coating
Thermal

Noises




Mirror and Coating Thermal Noise

 Thermal vibration of mirror surface due to
- Mirror substrate
- Mirror high-reflective coating

I IIII

Thermal PIIIII

vibration S | S " % 2

< 290000
AL QP29 D
AN QI




Dielectric Mirror Coating

: : HR (high-reflection) coating
* M4 thick alternating layers of constructive

materials with high and low interference
refractive indices

. Active area of research >'°-
due to low loss angle Ta,0.

(p~1e-4) g0,
Ta,0¢

Si0,
Ta,0¢

_ sio,
) e Ta,0s

=

AR (anti-reflectior

coating Mirror substrate



Deriving Thermal Noise Formulae

Structure damping with w < wp,
(for suspension thermal noise we considered w > W)

4kpT &

$?nir (w) = 5 Regime for  Regime for
thermal noise - thermal noise
e Mg is reduced mass 101 31
- function of mirror aspect T <

ratio, mirror radius,

beam radius ratio w ,

Poisson’s ratio o .
o oc w2

W IS resonant frequency of »'im———w 1w —w

vibration mode ./ Young's reaueney (e
Wm X E modulus

You also have to sum up all the vibration modes

displacement noise (m/rtHz)
= = = = = =




Simple Formulae

 Mirror substrate thermal noise
AkaT 1 — o2 K. Numata+,
_ B Psub sub_ bRi 93 250602 (2004)

W 7'(E bW N. Nakagawa+,
VT Esu PRD 65, 102001 (2002)

:Egub (Cd) —

* Coating thermal noise
coat o, 7 Eopw?

* To lower thermal noises

- lower temperature
- lower loss angle wSUb/Coat(w) X v/ To

- larger beam size (needs larger mirror)
Clj’sub(CU) 0.¢ 1/w1/2 xcoat(w) X ]-/w



https://doi.org/10.1103/PhysRevLett.93.250602
https://doi.org/10.1103/PhysRevLett.93.250602
https://doi.org/10.1103/PhysRevLett.93.250602
https://doi.org/10.1103/PhysRevD.65.102001
https://doi.org/10.1103/PhysRevD.65.102001
https://doi.org/10.1103/PhysRevD.65.102001

Thermal Noise Numbers

e Calculate mirror thermal noise for
fused silica (E =72 GPa, 0 =0.17, ¢=1e-06)
w=5cm, T=300K, at 100 Hz

100 Hz \ /2
Teub(w) = 6.3 x 107 ( Z) m/v Hz

f

« Calculate coating thermal noise for silica/tantala
coating (E=72 Gpa, 0 =0.17, ¢ = 4e-4)
d=10um,w=5cm, T=300K, at 100 Hz

100 Hz \ /2
a:coat(w):1.7><1o—2°( ; Z) m/

Sufficient for GW detection!

3




Mirror Thermal Noises in LVK
* Advanced LIGO (US)

w=55/6.2 cm,
fused silica,

295 K, ¢ ,=~1e-6

* Advanced Virgo (Italy)1

w=49/58cm,
fused silica,
295 K, Psub™

 KAGRA (Japan)
w=3.5/3.5 cm,

sapphire,
22 K, ¢ ,,=1e-8

l
—
@D

o

sensitivity [1/

'~
Ex

Substrate thermal noise
IS not significant, but
coating thermal noise

IS troublesome in LVK
Pog="~3~0e-4

029 LEEE B : SR R

o2t \U| |

frequency [Hz] 59



Other Coating Thermal Noises

* Thermal dissipation in the coating leads to
temperature fluctuation in the coating, which
causes:

- Thermo-elastic noise
thermal expansion

- Thermo-refractive noise ———————
refractive index change  .|~~_ =

ETM Coating Noise: N doublet =19, T = 5.0 ppm

Total

Brownian

Thermo-optic

Thermo-elastic
Thermo-refractive

« These two can cancel ;
M. Evans+, PRD 78, 102003 (2009)  w0®L
10’ 10° w0 OU 1o


https://journals.aps.org/prd/abstract/10.1103/PhysRevD.78.102003

Summary

Seismic noise
- Site selection is important
- Can be attenuated with suspensions

Newtonian noise
- Site selection is important
- Can be cancelled with environment signals

Thermal noise

- Fluctuation-dissipation theorem

- Material selection is important

- Can be reduced by cooling but not so simple
All can be reduced by oty
making things bigger oo M

a5

SUPERSIZED AMERICA
| -THE BIGGER THE BETTER? - |




Assignment for Nov 17

« Give an example where bigger is not necessarily
better for a gravitational wave detector, and explain

the reason.

* You may also answer from the Google Form below
https://forms.gle/6AwJ48XcpWQXgMon9

Don’t forget to put
your name and
student#

You may answer in
any language



https://forms.gle/6AwJ48XcpWQXqMon9
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