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Assignment for Oct 31

 |n laser interferometric gravitational wave detectors,
identify a component that should not be treated as

a linear system, and explain why.

* You may also answer from the Google Form below
https://forms.gle/6AwJ48XcpWQXgMon9

Don’t forget to put
your name and
student#

You may answer in
any language



https://forms.gle/6AwJ48XcpWQXqMon9

Plan of the Lecture Today

Basics of spectral analysis
- Power spectral density

Basics of linear system

- Transfer fur\ctlon /Important o I
Examples of linear systems seismic
- Electronics thermal

- Hamonic oscillators <\quantum noise
. calculations
Basics of controls J

- Open loop transfer function
- Optical spring and damping

Goal: Understand the basics for treating noises and
feedback loops




Thirsty Ravens' Tap-Tap-Tapping Creates Data
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| Coincident glitches in GW channel | Coincident glitches in GW channel

@ This article is more than 7 years old.

Rascally ravens are rapping ice off some frozen pipes at the Hanford LIGO detection site to 400
create their own snow cones on hot days - and they're creating a world of trouble for

astrophysicists

frequency (Hz)
frequency (Hz)

50 N 100 150
time (s) =

Raven perched just past where
the ice is accumulating

Adult common raven (Corvus corax). (Credit: Minette Layne / CC BY-NC 2.0)

MINETTE LAYNE VIA A CREATIVE COMMONS LICENSE Be rger+’ Appl Ph VS Lett 1 22 . 1 84 1 0 1 (2023)
The Advanced Laser Interferometer Gravitational-Wave Observator}' (aLIGO) isa pan- of httDS//WWWfO rbeS.Com/SiteS/q rrISCientiSt/201 8/05/1 5/thIrStV
vibration detectors, one is located in the desert in Washington state whilst its twin is located -ravens-tap-tap-tapping-creates-data-glitch-at-ligo/

in Louisiana. aLIGO was designed to directly observe and measure gravitational waves https://meetings.aps.org/Meeting/APR18/Event/326669
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SITE ANTHROPOGENIC NOISE INJECTIONS FOLLOW UP AT LIGO HANFORD
[B189)  NUTSINEE KIJBUNCHOO € ROBERT SCHOFIELD —LiGO

THINGS HUMANS DO THAT SHOW UP IN H1 DATA

HUMAN JUMP IN CHANGE ROOM (10-25 HZ) VAN/TRUCK SUDDEN BRAKE NEAR 2K ELECTRONICS
- = = BUILDING AND HIGH BAY AREA (< 20 HZ)

o ST Tl . i e 3

DROPPING LARGE ELASTIC BALL
(10-100HZ. POSSIBLY 100-200HZ)

PEOPLE JUMPING IN CONTROL ROOM (20 - 400 HZ)

SETTING HEAVY OBJECTS DOWN IN OSB SHIPPING AREA

DROP A HAMMER FROM WAIST HEIGHT IN VACUUM LAB
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INJECTIONS NOT COUPLED INTO DARM: CAR HORN, HUMAN MOVES IN THE OPTICS LAB CAR DOOR SLAMS, SINGLE BOUNCES ON SEATING BALL, LOUD MUSICS, OSB SHIPPING ROLL UP DOOR, TRUCK BRAKING NEAR END STATIONS, L I G O - G 1 6 O O 54 7
CROWD WALKING RANDOMLY IN/NEAR CONTROL ROOM, DOOR SHUTTING, CHAIR ROLLING, AND LARGE STEPS IN THE CONTROL ROOM,
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Laser Interferometric GW Detectors

« Measures differential arm length change
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Feedback

Interferometer Control

« Control mirror positions to “lock” the fringe

>m - -
B Gravitational
—> GW signal | ¢ ¢ /
¢ Beam
ff Laser source > splitter Movable mirror
O W ——— Fringe
| Interference stop

7



Feedback

Linear System

« Control makes the system linear

| Actuator Gravitational
(Mirror) waves
¢— GW signal | |
-
Sensor
B (Interferometer)
e
c
®)
O




Feedback

Noises and Sensitivity

* Noises in the loop limits the sensitivity

) [ ] [ ]
Electronics Als/lt_uator Gravitational
noise (Mirror) waves
—— GW signal | | ‘
Thermal — j—— Se’s;{mc
vibrations motion
Sensor
— (Interferometer)
) .
S Sh.Ot |
S noise T
S E Electr.on/cs '«,3“"@:1
noise




Fourier Transformation

* |tis useful to understand the system in frequency
domain

» Fourier transformation X (w) of time series data x ()

X (w) = / " a(t)e et

/ X zwtdw
27T

e Parseval’s Theorem

/ 2(t)[2dt = —/ W) [2duw



Fourier Transformation of Calculus

o Differential

d [ -
— a/_OOX(w)e“"tdw
= / iwX (w)etdw

 So, Fourier transformation of

Differential of () is 1w X (w)

Integral of (%) is iX( )
LW



Fourier Transform of Finite Data

* Actually, we can only take data in finite time

rr(t) = z(t) [t| < T)/2

0 t| > T/2
T/2 |
Xp(w) = / e

* Note that in real analysis, we usually use proper
window functions (Hanning, Hamming, etc.)



Power Spectral Density

* Power spectral density (PSD, or simply spectrum)

2
$(0) = jim r(e)

* From Perseval’'s theorem

[ wtpat = [ 1XG)Pds

2T J_

 Therefore

13



Power Spectral Density

« Contribution to average power from each frequency
bin

If x(t) is [m]

\ S(w) has [m2/HZz]

Most contribution from
this spectral peak

Area equals to
average power




Autocorrelation Function

 Autocorrelation function
C(7) = (z(t)z(t + 7))

 Wiener-Khinchin theorem

S(w) = / C(Me™ A7 Notused for

—o0 today, but will

1 o0 . be used in the
— % / S(w)GMTdW next lecture

— OO

« Power spectral density is a Fourier transform of
autocorrelation function



Amplitude Spectral Density

* We usually plot one-sided amplitude spectral
density (ASD, or simply spectrum)

20 - [ G
G(f) =25(w)
v/ G(f) isAsD

If x(t) is [m]
JG(f) has [m//HZ]

Sgw)




GW150914 Example 5711

Time series data x(t) in the unit of strain [1] " |
% 1072k

<
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x10 50-250\,Hz bandpass, notches at 60, 120, 180 Hz Frequency (Hz)

Amplitude [strain]

Amplitude Spectral

filtering - Density [1/V/HZ]
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Spectrogram /G(f) of t
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PRL 116, 061102 (2016) TimMe (s) 1 7
https://gwpy.github.io/docs/latest/examples/signal/gw150914/ PRL 116, 131103 (2016)
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Linear System

« System that has linearity in input output relation

Input Output
x(t) y(t)
* Linearity

- Additivity (Usz'E)
MUt 21 (8) + 22(t) WPy () + ya(t)

- Homogeneity (BR1%)
Input agj(t) Ouput @y(t)




Transfer Function

* Frequency response function of a linear system
Input Output

x(t) Linear System y(t)
X () ’ V(w)
* Transfer function (TF)

H) = X o

« PSD of the output will be

Gy(f) = H(f)|"Ga(f)




Impulse Response

* Frequency response function of a linear system
Input Output

x(t) Linear System y(t)
X [T e
* Whenz(t) = 276(x), X(w) =1,s0H(w) =Y (w)

/ H lwtdw

* Impulse response will be a Fourier transformation
of the system



Example 1: Electric Circuit

« What is the transfer function?

Vin (1) I? Vout (1)

I-I C



Example 1: Electric Circuit

« What is the transfer function?

Vin (1) I? Vout (1)

Current | — q I O

Circuit equatic?n j g Charge in capacitor
Uin — Rcvout + Vout g — C'Uout (t)

Fourier transform

Vin — iWRCV;)ut = %ut
%ut 1

Vi, 1 +wRC

TF will be H(w) _




Example 1: Electric Circuit

« What is the transfer function?

Vin (1) R Vout ()
o ~—|1:|—_Lc—o
H —
(@) 1 +wRC
| H (w)|] ole 1
Bode : B We = ——
pl%t wcw : RC
: Low pass filter
E s Integrator circuit
/H(w)10 deg W
\:\ -90 deg




Example 2: Electric Circuit

« What is the transfer function?

Vin (t) C \ Uout (t)



Example 2: Electric Circuit

« What is the transfer function?

Vin (1) (7\

Current | — q

Charge in capacitor
q — O(Uin — Uout)

Di_fferentia]

’Uout(t)

q — C1(/Uin — ijout) )
Uout = Rc(vm — r[]out) TF IS ZCURC
Fourier transform
H(w)

V;)ut — ZWRC(VIH — V;)ut)



Example 2: Electric Circuit

« What is the transfer function?

Vin(t) C \

Uout (t)

TF is :
wRC
H —
() 1 +iwRC R
Hw)t oo o L
° RC

High pass filter

Bode X (W !

plot !
 We . . o
| S Differentiator circuit

(H(W)1750 degh\_ Odeg W




Example 3: Electric Circuit

« What is the transfer function?

} Uout (t)
Openloop gain
Aor,

Input impedance
IS very high Very high
(~MQ) (~105)

27



Example 3: Electric Circuit

« What is the transfer function?

[\ ——
Vin(t) 74 j i Vout (t)

Vour = Aor (V4 — V)
[ = (V— — V;n)/Zl — (V;)ut — V—)/ZQ

Since App >>1,V;,~V,=0. TFIs

ou Z
H(w):“//t:—i




Example 4: Harmonic Oscillator

 What are the transfer functions —Ls (t)
. . 7777777774
- from applied force to displacement?
- from seismic motion to displacement?

S
Energy damping rate [rad/s] 7 damping gravity
Dissipation related to Fluctuation Y

dissipation theorem (next lecture) q‘ lg
) =
z (1)

Also, phonon number of initially ground-
state-cooled oscillator increases as
kglin

1—e™
o L e )

n =

X Sometimes amplitude damping rate [rad/s] is defined as .
In this case, 2y is the energy damping rate. 29



Example 4: Harmonic Oscillator

* Spring constant —Ls (t)
mg , WI777777774
k‘ = T = TNWy,
« Equation of motion damping [
m (:IZ -+ ”yi —+ w?n(aj — 5133)) — f ’y gravity

- 19
* Fourier transform f (t) ‘

X(w) = Hi(w)X,(w) + H(@)F(w) (%)

+ Here, TFs are ©= oy
w2, 1 1
Hy(w) = w2 — w? 4 (¥ Hr(w) = m w2 — w? + m
m Q m | %



Example 4: Ha

rmonic Oscillator

* Vibration attenuation factor s Ls (t)
wr2n WII/7777774
H(w) = w2 — w? A R
Higher the Q, higher and narrower :
the resonance peak damping l _
Hw) W, complexdaoles Y gravity
H(w)|? P —
@ ~f-aum = =7 ->‘ 2
Bode : —9 f(t)
pIOt | X W
o z(t)
ZH(w) 10 deg E \ 5, [Pend:ulu&e:CavitXUL )
\ -180 deg 72’{ wrsr/F
| s W | Cavity decay rate 31
\_2k =T frsr )




Pendulum Resonant Frequency

o Better vibration isolation with a lower
resonant frequency

 Buton Earth, [ ~ 1 m is a rough limit

1 /g
fomo=—4/2 ~0.5 Hz
102 27\ |
101}
10°
3101
((v]
1072}
1073}
_4 . . )
1010'2 101t 10° 10!

fregeuncy [Hz]

102

damping

~

[

s Ls (t)

gravity

@
o(f)

32



Multi-Stage Vibration Isolation

« Multi-stage pendulum for
better isolation at higher frequencies

« Good vibration isolation for ground-based

gravitational-wave detector band f-2
102 | | | (10 Hz ~ 1 kHZz)

10t}

10°
73]

o 10t
(1)

1072}

10731

107 ' ' -
1072 107t 10° 10t 102

fregeuncy [Hz]




Q-factor

« Damped oscillation w,, > 2~
e Critical damplng Wm = 2’}/ (least decay time)
« Over damping wy, < 2v

10° . . .
_ W
101| Q=10 Q — o

10°

Impulse
response

7]

o 10t
(1)

— =0, 707
— .5

1072}

=025

10731

¢ | ,_{7651—! ooz \_/ o "o  ops
|I ] " h "
|| |

/
107 T N0 T 2
10 10 10 10 10 34
fregeuncy [Hz]




Feedback

Feedback Control Loop Analysis

* Let us consider a control loop

> Actuator

GW signal

control >[>

v Gravitational
(Mirror) waves
: |
P+
\ 4
Sensor —
(Interferometer) | -
51 wvavil




Feedback Control Loop Analysis

* Let us consider a control loop

| Actuator Gravitational
ng(w) Vs (w) (Mirror) waves
actuator A
noise — feedback = (UJ) ‘ T (CU)
signal - 0
T (w) +
ii mirror
F(UJ) motion<_I S(w)
Sensor
x (Interferometer)
® _g Ve (C&J) — ng(w)
8 g e_rror «—9 sensor noise
O O signal




Loop Analysis and Calibration
« Open loop transfer function G = SF' A

* Error signal

Ve = S (xg — A(ng + Fue)) + ng

., S SA 1
e — L S
e R W e A W el
* Feedback signal
o _SF G | F
f

— X TLe Mg
1+G"7 1+4G " 1+G
+ When|G| > 1, v, ~ 0, andxgcan be estimated

from Auvs
When |G| < 1, zycan be estimated from v, /.S



In-loop and Out-of-loop

+ Evenif |G| > 1 and ve ~ 0, this does not mean
that mirror motion is actually zero

Ve — Tg
Lt — S
1 A G 1
— L0 Tof Tg
1+G 1+G 1+GS
external disturbance and Sensor noise remains
actuation noise are suppressed
« To evaluate the actual < °,“5§f"°°p
mirror motion, o Lt
-Of- S —>
_out of-loop sensor 7 inSloop
IS necessary A error signal
I

F 38




Interferometer Control Loop

Sensor: Interferometer (recall Lecture 2)
0Ppp 2wF, . 4nlL_
S(w) x

S11n
OL_ A A

- Constant at low frequencies (f << 2L/c)

Actuator: Suspended mirror (pendulum)
1 1
Alw) = Hrp(w) = ,
() F(w) m w2, — w? aren

Filter: Electronics (we can design as we want)

F(w)
We need to design F'(w)to have |G| > 1as much
as possible, without the system being unstable




Stability of Control Loops

* Nyquist stability criterion:

For the closed-loop system to be stable, the
Nyquist plot of G must encircle the point -1 in the
complex plane a number of times equal to the
number of poles of (5 in the right-half plane, in the
counter-clockwise direction.

Poles in the right-half plane are the poles that have a positive real part, and
are unstable poles. Usually, we don’t have unstable poles in a system.

* Nyquist plot

Unstable  {Im Stable fim

W=+ Re '1 W=+ Re

T R




Filter Design

» If F'(w) =1, the system is close to unstable
* Phase margin at unity gain frequency (UGF) is 0

Phase [deg]

=120

H H M |
107 107
Frequency [Hz]




Filter Design

« With a lead-lag filter, the closed loop will be stable
with enough phase margin

1
F(w) — X W ‘N Differentiator
(feedback force proportional to velocity)

- > UGF

-Hj B AR AR IR AR PR AR AR R A A E R R R R AR AR AR AR H

Re

Phase [deg]

=120

Frequency [Hz]




C, o :
c zel a
Plo) = Ro(1+iwRiC1) % | y)oxRiCy) /
w) = — . I LA
Rl(]. —I_ ZCURQ 02) 10;}-0_2 10-1 10° 101 102
180
120
g 60
—~ 0
8 _60
% _120
900 10~ 10° 10! 102/

frequency [Hz]




Optical Spring and Damping

« Radiation pressure force inside optical cavity works
as a spring and damping

Red detuned

Radiation

» pressure

increases

On resonance

Radiation
pressure
reduces

Bule detuned

Y. Michimura, K. Komori, EPJD 74, 126 (2020)

/

Positive work
due to phase

Negative work
Fdz < 0 due to phase

Power (a.u.)

delay delay
Fdx >0
WL Wcav
'} FERN
A PN blue-d d
red-detuned |, A B ue-detune
A<O P2 A>0
anti-spring spring
damping K anti-damping
/ '_’\
. \
anti-Stokes ™\
Stokes s Hherenergy N
,/’ sideband is \\\
- enthanced, S o
- eémoving energy TS~
- W wm e --
-3 -2 -1 O 1 2 3

Normalized detuning (A/K)

44

M. Aspelmeyer, T. J. Kippenberg, F. Marquardt, Rev. Mod. Phys. 86, 1391 (2014)



https://doi.org/10.1140/epjd/e2020-10185-5
https://doi.org/10.1103/RevModPhys.86.1391

Optical Spring as Feedback Loop

» Mechanical force to Hel—— T
displacement transfer |

function gsuasggpilblllty) k kopt -+ 1WYoptl<
HF(W) 2 9 | ;Wwm
muwy — w* + 155" \aees k
» When optical spring is considered =~ “m = \/ "
I HF _ Wm
F 1+ HF(kopt =+ iw'}/opt) Q B 7
1 1 ok
 mwl —w?+ z“é“’m Woff = + Fopt
» We can effectively change the wmm
susceptibility without introducing et =
Y + Vopt

additional dissipation (optical dilution)
pile



Summary

Power spectral density
Transfer function
Open loop transfer function

We've learned everything to understand noises and
control loops



Assignment for Oct 31

 |n laser interferometric gravitational wave detectors,
identify a component that should not be treated as

a linear system, and explain why.

* You may also answer from the Google Form below
https://forms.gle/6AwJ48XcpWQXgMon9

Don’t forget to put
your name and
student#

You may answer in
any language



https://forms.gle/6AwJ48XcpWQXqMon9
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