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Assignment for Oct 24

 What are the possible noise sources for laser
interferometers? List up the most ridiculous noise
sources you can imagine.

* You may also answer from the Google Form below
https://forms.gle/6AwJ48XcpWQXgMon9

Don’t forget to put
your name and
student#

You may answer in
any language



https://forms.gle/6AwJ48XcpWQXqMon9

Plan of the Lecture Today

Optical response of Michelson Interferometer
Optical response of Fabry-Peérot Cavity
Phasor diagram and sideband picture
Modulation-demodulation method

Goal: Understand how laser interferometer works
and how to extract the signal intuitively



Laser Interferometric GW Detectors

« Measures differential arm length change
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Laser Interferometric GW Detectors

« Measures differential arm length change
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Laser Beam

* Electro-magnetic waves
X

Electric Speed of light: ¢

field: E

Magnetic < >
Y field wavelength )\
 Electric field can be written as
i(wt—o) 2mcC
E = Epe W= —

T\ A\

/ angular PNase 9o hhase at

amplitude frequency ¢: distance L
of laser )\ 6




Photodiodes

* Photodiodes (PDs)
Convert photons into electrons
Detects light power (square of amplitude)

2 2
P x |E|? = E?
To make it simple, we will just say

P =|E|* = E}

L >

We can only detect power (\_'_ ”
o )

| |

|

change
Phase change cannot be
detected directly
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Beam Splitter

« Split beam in two
» Half in power, 1/~2 in amplitude
 Sign flip in back reflection

1 .
E=— E() €Zwt

V2o




Output of Michelson Interferometer
 What is the power detected at the photodiode?

: ¢:2
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L phase at
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Beam
splitter
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Output of Michelson Interferometer

 What is the power detected at the photodiode?
From Y-am From X-arm

]_ ( t_47TLy) ]_ ( t_47TLw) 2
PPD — —EOGZ “ A — —E()e" “ A
2 2
o A 2
- i‘EoF e e

1 Al _
= —Fy|1— cos
|
Input power [, = Ly — L.,
Differential arm length 10



Output of Michelson Interferometer

* Power changes with differential arm length change
(interference)

1 A _
Pppy Prp = §P0 (1 — COS il >

Bright fringe in every
half wavelength change
in differential arm length

>L— 11




Output of Michelson Interferometer

« Ratio between power change and length change

OPpp 27F, . 4wL_

— S1T1

Ppp OL_ A A

—

Laser

Differential arm length
change can be detected
from power change at
the photodiode

>L— 12



Dark Fringe Operation

* We often operate at (near) dark fringe to avoid
iIntensity noise coupling and to reduce shot noise
(also, PDs can only handle upto ~50 m\W)

PPD Intensity fluctuation makes power
A change at mid-fringe
P — intensity noise coupling
"“Q“,"' CSaet e ’;" "\'““"“““'fl -d---- Laser
I ! ‘l, ‘\‘ i
Dark fringe
How do we operate at here?
— Pre-modulation method
- > i
L 13




Photon Shot Noise

 Number of photons to photodiodes fluctuates

N+ VN .

Photodiode
Photon ener
| Y he
* Quantum fluctuation of power D1 = 7
QhCPPD Number of
6PShOt p— phOtOnS PPD
. NA N ==
Shot noise N D1
spectrum

Quantum efficiency 14



Shot Noise Limit of Michelson

- Powerchange OFPpp 27F, . 4rnL_
— S111

oL _ A A

 Shot noise

5PShOt _ QhCPPD _ hCPO <1 oS 47TL_>
nA nA A

« Shot noise limited sensitivity

6PPD -1 1 hc\
OLot = 0Pso >
hot ht(@L_> 27T\/277P0

sing ZSim%cos2
1 Best at dark fringe (where Ppp=0) ..
ﬁcos%

Better shot noise with higher input power



Shot Noise Limit of Michelson

* Length detection limit

100 W

1 [he)
5Ly = — NCA 1064 nm

2T 77P() Laser
h = 6.626 x 107°* m?°kg/s

n=0.9
6Lshot ~ & X 10_18 IIl/‘\/ Hz

* This is already incredible, but not enough for
reaching h ~ 102" /NHz for km detectors

16




How to Further Enhance the Signal

* Longer arms gives larger length change due to
gravitational waves § = hL

« But making arm length very long is tough
(especially on Earth)

« Use Fabry-Pérot cavity
laser light go back-and-forth many times to
effectively enhance the arm length

AAAAA,}

VIVIVIVIVIVIY

17



Fabry-Peérot Cavity

 Made from two parallel mirrors

amplitude
reflectivity, transmittance
: t.l ra, t2
Input mirror end mirror
partially A D partiall;
reflectjed / )| transmitted
\- ~ R}
<€ /ﬂv /
\ < >
infinite times with reduced amplitude.. . 18




Fabry-Peérot Cavity

 Let’s calculate electric field inside the cavity

amplitude
reflectivity, transmittance
AT t_l ra, t2
Input mirror end mirror
b . 0 , _m
Ein — E()G"wt tl Eoezwt tltg%ez(“t >\>
partially i) partiall
N Y
reﬂectietﬁboe) | transmitted
. 4 L
200 Bt WX (4 4mL ol erL
17270 \17”17"2E0€Z(wt A tthTlrzﬁxoez(Wt >\> )
wt— L) \
rlrzEOe X )
_saL
\1(ri7r2)? Ege"™* X
infinite times with reduced amplltude\} 19




Intra-Cavity Field
* Intra-cavity field can be expressed as
Ecay = tiEge™ + tiriry Boe' =50 + t1(rime)? Boe" ™™ ) 4
= (f 4 tyr1r26 T 1y (1) 22685 4 L) Fpe™

l l
infinite geometric series W|th \ _
a common ratio of riree’ Input field
— tl AwL E
1 —rirqee* x T_l,tl 7~2_:1
For t,=0 and on resonance L 2/t
) e
EEm — -

20



» Reflected field can be expressed as

Reflected Field

Ereg = —r1Eoe™" + t%T2E0€i(wt_%) + t27“17"2E067’(°‘Jt %) + .

= (—T1 —|— t27“26i% —l— t27“1’l° 26 >‘ —I_
1 2

— (—’]"1 —I—

~ (—Tl

l

|

) EO ezwt

infinite geometric series W|th
a common ratio of rirae’ >

47rL

2/t

t2roet >
TZ@ ;4mL Ein
1 —riree* x . 7151
For t,=0 and on resonance e
(1+ 7)) B —
l | 2
~2

l

|

=1 (Energy is conserved)

21



Intra-Cavity Power

» Power inside 9 1
the CaVIty ‘Ecav‘ — -4 L Pil’l

I —riree’™x

resonance _
\ Intra-cavity power

40 . N . 1.—_ can be much higher
35} - than input power
30! | on resonance

N
i

constructive
interference

N
o

in.-cav. power [/P,]
=
on

?

o

| =

L

I
|__|O
o

~0.5 0.0 0.5 1.0

length change dL [/)\] 22



Intra-Cavity Power

» Power inside 9 1
the CaVIty ‘Ecav‘ — -4 L Pil’l

1 — rirge’

anti-resonance

40 Almost no intra-cavity
351 | power at anti-resonance

';i 30t

=25 .

2 destructive

8 7| interference

> 15} «—>

O TN N T NN N T

£ 10| =

TN N NN

5 O W Y,

L v
—-0.5 0.0 0.5 1.0
length change dL [/)\]

I
|__|O
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Resonant Frequency

« Cavity will be resonant when cavity round-trip
length is integer multiples of laser wavelength

2L = NA

* |n other words, cavity will be resonant when laser
frequency is integer multiples of free spectral range

TTC
Weay = INWFSR = Nf
_ constructive
« Resonant frequency shifts interference
with mirror displacement ——=2__ <
Weay AN
6wcav — 5L TN N N
L TN N N

24



Finesse

] [ ] 2
» Power inside B |? = t1 2
: cav| — -4 L 111
the cavity 1 — ryroet it
A
Resonance Spacing§
<€ >
40 . N 'Sharpness of the resonance
351 Ican be evaluated with
— 301 S ] Approxigwatior? to
i‘* 5 | FU” Wldth paCIng Ele?r?dmtzearrévsﬁﬂnall
0 halflmaximum FWHM /
g 20 -- - Finesse
o —> || €
%_15_ _ TA/T17T2 — T~ 2T
= 10] 1 —rirg 17 + 1
. (T =)
e | | | J Higher finesse for
—-1.0 —-0.5 0.0 0.5 1.0

length change dL [/)\]

higher reflectivity 25



2
P,

Cavity Build-up

1 —7ryree* >

* Power inside | B |? = ‘
the cavity

Intra-cavity power at resonance
2
t1
P
1 — 179

2F

ri~1, r,=1 \
Cavity build-up

Resonance

40 _ ! \ — | ‘E’cavl2 —

b W max

in.-cav. power [/P,]
N
o

ANAIN
VIiviviY

1.0 ~0.5 0.0 0.5 1.0

length change dL [/)\] 26



phase shift [deg]

Phase of Reflected light

 Reflected field

t2r e"'%
172
Ereﬂ = | —7r1 AL Ein

1 —ryrqge’™x

180 ' ' | 1 Phase of the reflected
120! e e e W beam changes
|+ drastically at the
60} —1 | resonance
//

0 1 | o9 2F|4nm
~60| | 0L |7 |A
—120-L '\
~1897% —0% 0.0L 0.'5L 1:.0 Cavity build—%p

length change dL [/A]



Laser

Michelson and Fabry-Pérot
* The phase of the reflected light is different by —

2F

T

— FP Is more sensitive to mirror displacement

by 2;7: (~ finesse)

T

but linear range is smaller

<€ L >
5 drL 56
A oL

Faraday

Isolator

L

<€

Laser —T e

2F

41

T

A 28



Fabry-Peéerot-Michelson Interferometer

* Displacement sensitivity
higher by 2./
o
« Commonly used in
ground-based

gravitational wave
detectors

Laser ]

29




phase sensitivity (rad/strain)

* The effect of gravitational waves
cancel at high frequencies

High-Frequency Response

1 (2FL - ¢
fc_27r(7r Z)  ALF
014 ‘/ 4
013 FPMI e
012| § 2F
01l T

For a given frequency,

010{ Michelson

there is a limit where
onger arm length and
nigher finesse won't
nelp increasing the

10°

1 ~D n3 4 5 g e
10+ 104 10° 10* 10 sensitivity

frequency (Hz) 30



Resonant Sideband Extraction

* Power Recycling

« Resonant Sideband
Extraction

Power recycling mirror:
Effectively increase power

\ ~]1 kW
-

~100 W ~1 MW

Signal recycling mirror: _—"
Effectively reduce finesse while
keeping arm cavity power

' 31




Phasor Diagram

« Complex amplitude v
A2

penss (B,
N

* Qur reference

* Interference can be understood by frame is rotating
i at wt so that the
addition of vectors Cector is not

rotating

Eei(wt—l—gb) + Eei(wt+¢’)

32



Ball-on-Stick Picture

* Field is actually fluctuating (classically and quantum
mechanically)
— Ball-on-stick picture  Gw signal Phase

X, 4 \ YW‘ctuation
 Gravitational wave

creates phase

modulation E Amplitude
« We need to convert < ¢ fluctuation

this into amplitude >X4

modulation to detect
the signal with a photodiode

33



Phase Modulation Sidebands

 Phase modulation creates two sidebands (and
harmonics)

Eei(wt—l—ﬂ sin wmt) /I\
Expansion with Bessel \J

functions of the first kind

E[J()(ﬁ)@iwt + J (ﬁ)ez’(w—l—wm)t — J (ﬁ) i(w—wm)t]

an sy
N @ N




Amplitude Modulation Sidebands

 Amplitude modulation creates 2 sidebands (exact)

A
E(1 + Bsinwmt)e™”

equals to \

~
AR ARy
-




Michelson Interferometer
 If length is perfectly the same, no light at PD

Input E-field
e
Laser
: E-field
E-field from  E-field from at PD
& Xarm Yarm
PD -— + — =

36



Michelson Interferometer

* Gravitational waves makes phase modulation
But power change at PD is

Y proportional to h?
Input E-field GW
—_— GW
9

Laser

: E-field

E-field from  E-field from at PD

& Xarm Yarm

PD o

37



Michelson Interferometer

« Offset creates intensity modulation at PD, and

¢Ofsignal o« h can be obtained

v (DC readout scheme)
Input E-field GW
— Ofs. GW
9

Laser

: E-field

E-field from  E-field from at PD

& Xarm Yarm T

Intensity modulation/

Reference field for signal readout
is called local oscillator (LO) 38



Signal Extraction at Dark Fringe

« Signal proportional to h can be obtained at dark
fringe if mirror position is constantly modulated,

and PD output is demodulated
AZIZ Remove with a lowpass filter

Az Sin wy,t X sinwpyt = —(1 — t
T sin w TSlnw 2( COS2wW,1)

demodulation .
Prp Ppp o Az sin wy,t
A

A

dark-fringe 39



Modulation-Demodulation Method

* This can be simply done by modulating the position
of the mirror

| y (e.g. with a piezo actuator)
Input E-field GW This is ok but mi
— Mod GW IS IS OK, bUut mirrors
s can be modulated only
upto ~kHz. This means \ L
Laser that the detector " yes?
bandwidth will be
limited to ~kHz.
Mixer | E-field
@ 1 > E-field from E-field from at PD
Mixer Xarm Yarm
—~ |
tut 11

— =
Modulation sidebands serve as an LO / 40

for GW sidebands



Modulation-Demodulation Method

 Phase modulation with an electro-optic modulator
(EOM) increases the bandwidth

In E-fiel GW Modulation frequency [
Lﬁ d used is upto ~100 MHz
Mod. SW

This is ok, but adding

Laser something in the arm
creates optical losses.
Mixer E-field
@ 1 > E-field from E-field from at PD
Mixer Xarm Yarm
_\ -
fast ’ tt 11

+ _> —
Modulation sidebands serve as an LO /

for GW sidebands



Pre-Modulation Method

« Put an EOM before the beam splitter instead

T T|nDUt E-field GW Modulation sidebands are
—) GW cancelled out if arm lengths
Jod. -> are completely the same

(this is also true for laser noises
and quantum vacuum fluctuations
from the laser side)

PO >
Mixer E-field
@ ] . E-field from E-field from at PD

Xarm Yarm
Mo tast f

v

Laser

42



Schnupp Asymmetry

« Make arm length macroscopically different

T Input E-field

—
Mod.
DX

Laser

* Schnupp asymmetry

v Named after Lise Schnupp at MPI Munich
GW (Garching 30 m prototype)

—> =P Modulation sidebands
remains and beat with GW
sidebands, creating an
intensity modulation

E-field

E-field from E-field from at PD
Xarm Yarm

4—‘ + r“—y — <+ f >

o\
43



Schnupp Asymmetry: How Much?

* Schnupp asymmetryof [ = [, — ly gives
sideband amplitude transmission of

[ .
tsbzsin< “ >Esm(a)

C
* For modulation frequency w,/(21) = 300 MHz,
[.=1 m creates a = 2m

 For KAGRA, modulation frequencies are
f1 =16.88 MHz, f2=45.02 MHz and /. = 3.33 m

 For aLIGO, modulation frequencies are
f1=9.1MHz, f2=45.5 MHzand /. = 0.08 m




Fabry-Peérot Cavity and Phasor

* First, assume a resonant condition 2/, = N\

nputbeam and o = (O (over-coupled)
Used for arm cavity
>

Faraday 7’1, tl L 9, t2
Isolator <€ >

Laser —T [
1 147 /fl\
/\ > + > = >
1 |/
Prompt From Total
reflection cavity reflection 45




Fabry-Peérot Cavity and Phasor

« For critically-coupled case (71 = T'2)
Input beam Used for power-recycling cavity
>
/h Transmission\J
>

Faraday 7’1, tl L To t2
Isolator <€ > 7
Laser ————— _

A

A AO

!
AR W

—T1 —|—’I"1 B
Prompt From Total
reflection cavity reflection 46




Fabry-Peérot Cavity and Phasor

» If{o, = ( and not on resonance

/R beam
>

Laser

Intra-cavity power

IS reduced

A

N

Prompt
reflection

AN

Faraday 7’1, tl

Isolator

A

L T2, t2

<€

PN VA

cavity

Phase is shifted

1

AR
iy

reflection




Fabry-Peérot Cavity and Phasor

» If{o, = ( and anti-resonance

/R beam
>

N

Faraday 7’1, tl

Isolator <€

Laser

g

cavity power Y
\ . >

Prompt
reflection

A

Almost no intra- I

Phase is flipped

X

\

From Yy
cavity

o, t2

R

Total

refle

\\J;/
ction 48



Fabry-Perot Cavity with Sidebands

 Anti-resonant sidebands can be used as LOs

Input beam

N

%

Prompt
reflection

Laser

—| T [
g Phase modulation

Resonant case

Faraday 7’1, tl L 9, t2
Isolator <€ >

14+71 —no signal

From
cavity

Total
reflection 49




Fabry-Perot Cavity with Sidebands

 Anti-resonant sidebands can be used as LOs

Input beam

N

%

Prompt
reflection

Off resonant case

Faraday 7’1, tl L 9, t2

Isolator

Laser

TT

<€ >

Amplitude modulation component
— Signal! (Pound-Drever-Hall method)

147

AP

cavity

> -

Total
reflection

11

50



e

Pound-Drever-Hall Method

Input beam

Laser

Faraday 7’1, tl L 9, t2
Isolator <€ >
[
Mixer

51



phase shift [deg]

error signal [/2P,,J, (8)J; (5)]

Comparing Michelson and FP

* Both detect phase shift, but in Fabry-Pérot cavity,
phase shift is steep only near the resonance

-0.5 0.0 0.5 1.0

0
—60|
—-120¢ :

0.5 0.0 0.5 1.0

~0.5 0.0 0.5 1.0
length change dx [/A]

<Power at PD

Michelson
interferometer

Reflection phase

Error signal after
gemodulation




Comparing Michelson and FP

* Both detect phase shift, but in Fabry-Pérot cavity,

Jr

-

0.

S

0.5
length change dx [/A]

phase shift is steep only near the resonance

Ll

IQtra—cavity power

Fabry-Pérot
cavity

Laser

<€
Reflection phase

Error signal after
] gemodulation



Finesse and Phase Shift

* Finesse is higher with lower transmission

* Higher the finesse, narrower the resonance and
steeper the phase shift around the resonance

Low finesse High finesse
resonance off-resonance resonance off-resonance

A D
P N

>



Summary

Gravitational waves are phase modulation and
iInterferometers convert this into amplitude
modulation signal

Shot noise of Michelson interferometer is better at
dark fringe

Fabry-Perot cavities are used to enhance the
signal, at the cost of bandwidth

Modulation-demodulation methods are used to
extract the signal at Michelson dark fringe and on
cavity resonance



Assignment for Oct 24

 What are the possible noise sources for laser
interferometers? List up the most ridiculous noise
sources you can imagine.

* You may also answer from the Google Form below
https://forms.gle/6AwJ48XcpWQXgMon9

Don’t forget to put
your name and
student#

You may answer in
any language
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