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Overview
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uHilbert Transform
• An analytical method to obtain the amplitude ! "

and the phase # " from a signal $ "

• Usually used in offline analysis based on FFT

• Easy to implement (scipy.signal.hilbert)

uApplication to laser interferometry
ØAnalysis of the nonlinearity and the 

hysteresis of piezo actuators

p Reference
• “Random Data: Analysis and Measurement 

Procedures, 4th Edition”

https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.hilbert.html
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Motivation

$ " = ! " cos # "

How can we obtain ! " and # " individually?

� Consider a signal $ " with time-varying amplitude ! " and 
phase # " :

Chirp signalPhase-modulated signal

� We want to know ! " and # " from a given signal $ " :

! " : instantaneous amplitude

# " : instantaneous phase
!
"#

$% &
$&

: instantaneous frequency
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Analytic signal

At this moment, analytic signal !(#) has not been defined yet
How should we define !(#)?
(How can we obtain analytic signal ! # from %(#)?)

� If we have the analytic signal ) " of $("),  !(") and #(") can be 
obtained:

) " = $ " + - .$ " = ! " cos # " + -! " sin # "

= ! " 1'% &Analytic signal of ! "
(complex function)

original signal 
(real function)

! " = $" " + .$"(")

& # = tan!"
+% #
% #

⇒

Imaginary part 
(real function)
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Construction of ! " from #(")

Instantaneous amplitude ! " and phase # " can change with 
how to construct ) "

� There are infinite ways to construct a complex function )(")
from $ " satisfying Re )(") = $ " :

Ø ! # = ,#$!%
- # = 1

& # = /&#
⇒

Ø! # = cos/&# + 56 sin/&#
- # = cos'/&# + 6' sin'/&#

& # = tan!"(6 tan/&#)
⇒

Example) $ " = cos5("

What is the best definition of analytic signal )(")?
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Requirement for the definition of !(")

�With the natural definition of the analytic signal ! " ,
we want

The natural definition of analytic signal !(") lies in 
Fourier transform

% " = cos*!" ↦ ! " = ,"#($

- " = 1
/ " = *!"

⇒
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! " = $
!

"%&
2( ) & *#$% + ) −& *&#$%

= $
!

"%&
2( 2Re ) & *#$%

= Re $
!

"%&
2( 2) & *#$%

9

Definition of analytic signal !(")

Considering Re ) " = $("), the definition of the analytic 
signal )(") of $(") should be

$ " = ∫)*
* $+

"#
7 5 1'+& : Inverse Fourier transform

) & = )∗(−&)

Analytic signal
of $(")

! # ≡ 9
&

):/
2<

2= / ,#$%
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Hilbert transform

� Let’s calculate ) " = $ " + - .$ " from its definition:

We can obtain analytic signal )(") by calculating Hilbert 
transform .$(")
($(") ↦ ) " is also called Hilbert transform in practice)

1 " ≡ $
!

"%&
2( 2) & *#$%

= $
!

"%&
( $

&"

"
%"( ! "( *&#$%!*#$%

= ⋯ = ! " + 4 $
&"

"
%"( !("′)" − "′

∫"
# "# $$%('('!)

= &' ( − (* + +
( − (′

Original 
signal ≡ .$ " : Hilbert transform of $(")

Convolution:
- ( ∗ 1/(
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Practical derivation of analytic signal

� More practical method to obtain the analytic signal ) " : 
Use inverse Fourier transform

In practice, FFT are applied to finite time series data of $(")

1 " = ! " + 4 $
&"

"
%"( !("′)" − "′

� Calculating .$(") is sometimes troublesome 

6! "

! " ≡ $
!

" %&
2( 2) & *#$%

= ℱ!" =* /

2= / (/ > 0)

0 (/ < 0)
=* / ≡

% #

! # = % # + 5 +%(#)

= /

=* /

ℱ

ℱ!"
×2 . > 0
×0 (. < 0)
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Summary of Hilbert transform

� The amplitude !(") and the phase #(") of $(") can be obtained 
by calculating the analytic signal )(") (Hilbert transform)

) " = $ " + - .$ "

= ! " 1'%(&)

! " = $" " + .$"("): instantaneous amplitude

# " = tan)!
45 &
5 &

: instantaneous phase

!
"#

$% &
$&

: instantaneous frequency

Calculation process
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Examples of Hilbert transform
� Examples) 

Ø$ " = cos5(" ⇒ ) " = cos5(" + - sin5("
Ø

! " = 1, # " = 5("

Ø$ " = 1)6|&| cos5(" ⇒ ) " = 1)6|&|cos5(" + - 1)6|&| sin5("
Ø

! " = 1)6|&|, # " = 5("

478 THE HILBERT TRANSFORM 

*(<) 

COS(2ir/0t) 

s in (2 ir / 0 i ) 

a i l 
� 

1 + t 2 

*-«� �  cos (2n/0t) 
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� - � � 5� � (2� / 0 � ) 
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� «/5> 

-� , 
1/2 

Figure 13.1 Examples of Hilbert transforms. 

13.1.3 Properties of Hilbert Transforms 

A number of properties will now be stated for Hilbert transforms, which follow readily 
from the basic definitions or are proved in the references. Let x(t) = J^[x(t)] and 
y(t) = Jf\y(t)] be Hilbert transforms of x{t) and y(r), with corresponding Fourier 
transforms X(f) and Y(f). 

a. Linear Property 

Jt[ax(t) + by(t)] = ax{t) + by(t) 

for any functions x(t), y(t) and any constants a, b. 

(13.28) 
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13.1.3 Properties of Hilbert Transforms 

A number of properties will now be stated for Hilbert transforms, which follow readily 
from the basic definitions or are proved in the references. Let x(t) = J^[x(t)] and 
y(t) = Jf\y(t)] be Hilbert transforms of x{t) and y(r), with corresponding Fourier 
transforms X(f) and Y(f). 

a. Linear Property 

Jt[ax(t) + by(t)] = ax{t) + by(t) 

for any functions x(t), y(t) and any constants a, b. 

(13.28) 

(Quoted from “Random Data: Analysis and Measurement Procedures, 4th Edition”)



14

Contents

14

� Introduction of Hilbert Transform

�Application to simulated chirp signal

�Application to analysis of nonlinearity and 
hysteresis of piezo actuators

�Comparison with quadrature phase 
interferometer

� Introduction of papers

�Summary



1515

Application to simulated chirp signal

� Apply Hilbert transform to a simulated chirp signal

ØChirp signal:

ØFunction for Hilbert transform: scipy.signal.Hilbert
*There is no option for window functions

Time duration: 1 s
Frequency: 10 Hz ⇒ 25Hz in 1 s

Amplitude: 1 ⇒ 2 in 1s

https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.hilbert.html
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Result

� Obtained amplitude and 
phase are consistent with the 
theoretical curve without the 
edge of the data

� At the edge, Hilbert 
transform is not going well 
(maybe due to the edge 
effect in the FFT process)
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Michelson interferometer with piezo actuator

If ? = @A89:, A89: of triangular wave 
makes pure sine wave output: 

This is not true in reality
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Nonlinearity and hysteresis of piezo actuator
� Actual fringes in reality (ELOG) : 

Quoted from Thorlabs documents on PZT

� Generally, piezo actuators 
have nonlinearity and hysteresis

ØHysteresis model of piezo actuator
-M. Riepold et al.: Vibroengineering
PROCEDIA, Vol. 22, pp. 47–52, Mar. 2019
-M. Altaher and S. S. Aphale: Computers
2018, 7, 10

nonlinearity

asymmetry (hysteresis)

https://granite.phys.s.u-tokyo.ac.jp/elog/?p=6951
https://www.thorlabs.co.jp/newgrouppage9.cfm?objectgroup_id=5030
https://www.extrica.com/article/20565
https://www.extrica.com/article/20565
https://www.mdpi.com/2073-431X/7/1/10
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Measurement of hysteresis curve
� If we measure the phase #(") of the PD output, we can obtain its 

hysteresis curve:

I tested the both methods and compared the results

Measure &(#)

� Two methods for the measurement of # " :

1. Apply curve-fitting to the measured PD output

2. Use Hilbert transform to the measured PD output
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1. Curve-fitting method
ØFitting model: sine wave with cubic polynomial phase

ØApplied voltage: 0 V ↔ 50 V, 0 V ↔ 100 V, 0 V ↔ 150 V,

A " = A;< + A( sin #(")

# " = F"= + G"" + H" + ?
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1. Curve-fitting method: Result
� Hysteresis curves were obtained for three applied voltage ranges

� The edge of (0 V ↔ 100 V) curve is not consistent with other 
curves for some reason…
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2. Hilbert transform method
1. Subtract dc offset: A′8; = A8; −

>!",$%&?>!",$'(
"

2. Apply Hilbert transform with scipy.signal.hilbert:

) " = ℋ A′8; = A′8; + - LA′8;

3. Obtain phase and amplitude: ! " = tan&)
*+!+,
++,!

, ( " = )(,-. + +).,-

4. Unwrap # "
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2. Hilbert transform method: Result
� Not so good especially around the edges compared to the curve-

fitting method

� Reason for the inaccuracy (my guess):

ØHilbert transform can’t distinguish 
whether the amplitude is decreasing 
or only the phase is changing around 
the edges

We know that the 
amplitude is constant but 
Hilbert transform does not
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Summary: Hilbert transform vs. curve-fitting

� My feeling through this experiment:

Hilbert transform can be used for rough analysis or 
finding the initial values of fitting parameters

Hilbert transform Curve-fitting

Accuracy
Bad around the edges 

of the data
Good

Difficulty in 
implementation

Very easy with a few 
lines in code

A little difficult to 
choose the initial 

value of fitting 
parameters

If you come up with good uses of Hilbert transform, 
please let me know! 
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Comparison with quadrature phase interferometer
� In laser interferometry, ! cos #(") and ! sin #(") can be 

measured simultaneously with quadrature phase interferometer 
(e.g., HoQI)

4

interferometer output. In this case, we use a Mach–Zender interferometer with two indepen-
dent recombination beamsplitters. A polarisation scheme is employed to generate the required 
differential phase shift [31].

The optical path of HoQI is shown schematically in !gure 1. Compared with EUCLID and 
ILIAD, it is signi!cantly simpler. The number of birefringent elements, which increase noise 
and non-linearity, has been substantially reduced, and there are no longer waveplates in the 
‘arms’ of the interferometer. The tilt-compensation system, developed to reduce tilt-to-length 
coupling and increase the angular operating range of the instrument [32], was also removed. 
The double-pass nature of the ‘cat’s eye’ system resulted in parasitic interferometers with a 
relatively large arm-length mismatch, which in turn couples frequency changes in the laser 
into measurement error.

To further reduce frequency noise coupling, we use a narrow-linewidth 1064 nm solid-state 
Innolight Mephisto 500NE laser (1 kHz linewidth for 0.1 s averaging period) in place of the 
VCSEL diode laser, and we carefully match the arm lengths.

During our !rst tests of HoQI, we use carefully-aligned high-stability steering mirrors. To 
interrogate external targets, such as an inertial sensor reference mass, we will need to increase 
the angular operating range. At present we intend to use a double-pass lens, placing a small 
focus on the target mirror. This will increase the divergence angle of the beam (up to  ∼10 
mrad), making us less susceptible to misalignment. For cases where larger operating ranges 
are required, a corner cube can be placed on the remote optic, and a large beam-size (∼2 mm) 
used within the interferometer, allowing operation over (at least) several degrees.

Assuming the target mirror remains aligned the operating range of HoQI is only limited by 
the fringe visibility degradation due to spot-size changes, and it is more than 10 mm for this 
con!guration.

The laser light is !bre-coupled to the interferometer by a 2 m single-mode polarisation main-
taining !bre with an input power of 10 mW. The !rst polarising beamSplitter, PBS1, ensures 
there is a clean input polarisation state. PBS2 splits the input beam into two orthogonally 
polarised beams, one for each arm. These beams are recombined at PBS2 and co-prop agate 
without interfering. The beam is divided, again without interference, at the non-polarising 
beamsplitter (NPBS). The quarter-wave plate before PBS3 then adds an additional phase shift 
of 90 degrees to the light from one of the arms such that when the beams interfere at PBS1 and 
PBS3, the resulting intensity #uctuations are 90 degrees out of phase.

Figure 1. The optical layout of HoQI. Orthogonal polarisation states are used to track 
the length difference between Lx and Ly over multiple optical fringes. The input beam 
is split at polarising beamsplitter PBS2 and interferometrically recombined at PBS1 
and PBS3, producing signals proportional to the sine, cosine, and minus cosine of the 
optical phase difference. Grey arrows indicate the direction of propagation.

S J Cooper et alClass. Quantum Grav. 35 (2018) 095007

Optical layout of HoQI quoted from 
S. J. Cooper+, Class. Quantum Grav. 
35 095007 (2018)

Hilbert transform Quadrature phase 
interferometer

Difficulty in 
implementation

Very easy with a simple 
experimental setup and 

a few lines in code 

A little complicated 
setup

Process Usually offline online

SNR
Bad around near-zero 
region. Because only 
( cos !(") is measured.  

Good

https://iopscience.iop.org/article/10.1088/1361-6382/aab2e9/meta
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uNonlinear frequency sweep in high-speed tunable laser
T.J. Ahn and D. Y. Kim: Appl. Opt. 46, 2394-2400 (2007)

uVibration measurement for self-mixing interferometer
Z. Zhang et al.: Optics Communications 436, 192-196 (2019)
Z. Zhang et al.: Opt Rev 27, 90–97 (2020)

uHigh-speed absolute distance measurement with 
frequency scanning interferometry
X. Li et al,: Appl. Opt. 61, 3150-3155 (2022)

� Papers on the applications of Hilbert transform to laser 
interferometry 

Introduction of papers

https://opg.optica.org/viewmedia.cfm?r=1&rwjcode=ao&uri=ao-46-13-2394&html=true
https://www.sciencedirect.com/science/article/abs/pii/S0030401818310794
https://link.springer.com/article/10.1007/s10043-019-00568-6
https://opg.optica.org/ao/viewmedia.cfm?uri=ao-61-11-3150&html=true
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Summary
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uHilbert Transform
� A method to obtain the analytic signal ) " = $ " + - .$ "
= ! " 1'%(&) from a signal $ "

• From ) " , the amplitude ! " and the phase # " can be 
obtained

• Usually used in offline analysis based on FFT

• Easy to implement (scipy.signal.hilbert)

uApplication to analyzing hysteresis curve of piezo actuators
ØIt worked. But has inaccuracy around the edges of the data
ØMight be useful for instant rough analysis 

https://docs.scipy.org/doc/scipy/reference/generated/scipy.signal.hilbert.html

