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Paper

@ Doctoral thesis by D. Shitte in Leibniz University Hannover (AEl)

“Modern Control Approaches for Next-Generation Interferometric
Gravitational Wave Detectors (2016)”

* On application of modern control for gravitational
wave detectors and quantum optical experiments

B Application for a three-mirror ring cavity
» Cavity locking with linear LQG control
» Autolocking with non-linear control

B Application for a suspension system

» Design of active damping for triple pendulum
suspension with H, controller synthesis technique



https://www.repo.uni-hannover.de/bitstream/handle/123456789/8910/865636915.pdf?sequence=1
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Transfer function

Equation of motion of a pendulum:

mix = —mwéix — 2myx + f

‘ Fourier transform

—mw?X = —mwiX — i2mywX + F

X 1
= H = — =
(w) F m(wi-—wi+i2yw) f
Transfer function
F X = HF X

—> H }——

Classical control considers only input/output in frequency domain
= Modern control treats all internal states (x, x) in time domain



State-space model

Rewrite EOM with x; = x4, X, = X4

3.C1 = X9
mx, = —mwix; — 2myx, + f

Let the internal state be x = [xl,xz]T

= o+l
X = x + = Ax + B
= < —w§ 2y 1/m|] =Ax + Bf _ ]
y = [10] x = Cx (output) AN
State-space representation _»
Xd

f b X y
—71> B Tf >| C > Classical control:
| F X = HF
A —> H |—

We can treat internal information x, not only input/output




Generalized state-space model

Any linear time-invariant system can be represented as

% = Ax + Bu x € R™ :internal states
{y = Cx + Du u € R™: inputs Multiple-input
Itipule-
y € RP : outputs Sstte'r'iu eroutput

A € R : system matrix B € R™™ : input matrix
C € RP*" : output matrix D € RP*™ : direct feedthrough

- l;»BﬁT_—%iji >




Advantages of state-space model

* What are the advantages of state-space model?

» Able to deal with multiple-input multiple-output(MIMO)
system

» Feedback control with internal state x (State feedback)

» Able to obtain optimal filters for feedback control
mathematically
(with no need for professional tuning technique)

Disadvantages are mentioned in the last of this seminar
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System poles

- State-space = Transfer function

> D

u X X \/ y =
> B > C >0 >- UE H YEHU
A fe
Y(s
H(s) = % =C(sI—A)'B+D

1 . dj(M): adjugat
— n (s—1;) C ad] (SI — A)B + D :’lna]trix ofaMJuga :
=1 l

A;: Eigenvalue of system matrix 4

» Eigenvalues of A = poles of the system H(s)

(if the system is controllable and observable)

* Transfer function = State-space transform is also possible
(infinite number of expressions)



Static state feedback

* Classical control

» Use output Y for feedback control

Target value: r +>T U)I H Y =HU

K

<—

» State feedback

Controller (filter and actuator)

> Use internal state x for feedback control

Target l
value: r+ u
>

> D
X X i y
| > C —>

:€— Here, let’s assume

we have access to x



Static state feedback

Target
value:ry U

[ R

* Closed-loop system with state feedback

NS

w/o state feedback w/ state feedback
x = Ax + Bu -' x = (A—BK)x
{y=Cx+Du = R y = (C —DK)x

System matrix: A = (A — BK)

Theorem:
Any arrangement of eigenvalues of (A — BK) can be obtained
by choosing K (if the system is controllable)

# We can arbitrarily place closed-loop poles (eigenvalues)!!
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Optimization problem

* Practically, it’s impossible to arrange poles arbitrarily
due to limitation of control energy

" performance of closed-loop system
Trade-off < (t
\Control energy

* To optimize the controller K, quadratic cost function J is used:

] = foo(xTQx + uTRu) dt Q, R: Matrix of design
0 parameters

Error Control energy

Optimized K (that minimizes J) can
be obtained by solving Riccati eq.  vauers, *

A

AT[S — SB(B'SB+ R)"'BS|A-S+Q =0.

We can obtain optimized K mathematically!
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Issue with state feedback

Vv
>

Target
value: r+ u X X v Y
>0 | >

Q > C >0

v
v
>%
A4

X \ We need all the internal
states x = [xq, X9, -+, Xy,

]T

How can we obtain all the internal information?



Issue with state feedback

> D
Target
. u " X
Va|ue.1’-l\-h N B N x\ f PALN C \)( y\
/;( rd P rd g r g
A |€

\ We need all the internal
states x = [xq, x5, -+, x,]"

How can we obtain all the internal information?

= Estimate internal states by observing inputs/outputs

> D
Target
value: u - X X R y
>0 rd B > /f C 7z 7z
A_ A
A |€
X <
K |€ Observer | _
T~

?

Estimation of x
16



Kalman filter

* Kalman filter
> Practical observer

» Robust to process noise w and measurement noise v

» Use feedback of outputs estimation error (y — ¥) for estimation of

internal states x

» Feedback gain L: Kalman gain (optimized L from Riccati eq.)
»We need precise state-space model (4, B, C) €<—— Able to obtain from

theoretical model or

measured transfer function

y

System
W: process hoise
v X x
>[ B =T f——{c bse

A\ 4

Observer (Computer)

©<€— V: measurement
noise

~
r

—— Feedbackin
¢ _ estimation process

+
L <
_}7&
C
) % x
/] >

State feedback w/ Kalman filter = Linear Quadratic Gaussian (LQG) controller

17
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Application for three-mirror ring cavity

* For practice, application for three-mirror ring cavity is tested:

» Cavity locking with linear LQG control

» Autolocking with non-linear control System of the cavity

u: Input voltage to PZT
\

=

M2 p-pol.
s-pol.(LO)/p-pol.

PD

(linear around resonance)

SN
j =

u X X v
~ N\ ~
>[ B |0 ¢ % >

System of the cavity
(non-linear outside resonance)

— T
u _ y = ly1, 2]
I&I M4 —> Non-linear ———>
I:I:I A2
Parameter Value
M HD Wavelength 1550 nm
Finesse ~ 10
Spectral linewidth ~ 65 MHz
Waist 453 ym

19




Contents

* Introduction of modern control

» State-space representation
» State feedback
» State observer (Kalman-filter)

* Application for three-mirror ring cavity

» Cavity locking with linear LQG control
» Autolocking with non-linear control

* Application for suspension damping system

» System identification of triple pendulum suspension
» Designing optimal filters with H’, controller synthesis

- Advantage/disadvantage of modern control

*Summary
20



Implementation steps of locking

@ Measure the transfer function of the cavity: H(s) = Y;(s)/U(s)
@ Transform H(s) to state-space representation (4, B, C, D)

@ Calculate optimized controller: K with LQG method

@ Implement (4,B,C,D) and K on a

e ' System Of the Cavity
. HV Amplifier
% Piezo E >ITI
E U b, : Target —l .
- : lue: 7 u X x v y=1n
N2 value:r 1 - y 1
b S bl,out PD E -

b yzl\
v bl \ Controller J
M4 : A~
A2 \ — Observer |
> : B
Y, ‘6

AD%hanncl

HD '\
R e mmmmmm——— ¢y, (transmitted power)
is not used here
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(1) Measurement of transfer function

 Measured the transfer function of the cavity: H(s) = Y;(s)/U(s)
with Pl control

* Fitted with 3rd-order model and 20th-order model
=Used 3rd-order model (up to first resonance) for easy computation

Magnitude (dB)

Phase (deg)

T T T T
10 A A : n
i : YA
0-—-——I-I——--_'-\,‘ lLﬂ*" 1 : é‘ 4
| $ L R N N I, T | 0 L 4
-10 - v 1| e P T ""‘-"-:. ]
20 W v T
u :
-30 - LI ]
() P 1 Sy "F‘I-"-"—\-"ﬁ-*b'."Hh-ﬁ‘-'-q"‘ ||||||| |
200 | . = \ ]
experimental !
—400 = identified 3rd—order "\ 1
—600 F~ ~ identified 20th order : S
: N |
100 1000 5000
Frequency (Hz)
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Magnitude (dB)

Phase (deg)

(@ Transform H(s) to state-space model

* Transformed H(s) to state-space representation (4, B, C, D)
with Matlab functions (tf2ss?)

10 A Al
14 pll l"l A
e P | v N
' Taa IR TENIR —_ 7~ h
“l0f L \ TN -
20| Y 1
L]
=30 L]
() P ———— _\". === \: ‘:.-—. - R i | o ..,.“- - -
-200 = \
experimental \
—400 [+ =" identified 3rd—order ‘~\
—600 |~ = identified 20th order ‘*’
1
100 1000 5000

Frequency (Hz)

=

(.

>[5 |2

—0.0180
0.1693
0.0446

A=10%.

[ 2.8394 |
4.2852
| —24.9287

[ 24.0014 ]
37.3086

| —34.4903 |

D = 0.

0.0573
0.2339
—1.1449

—0.2865
—0.0157
0.1109
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(3)Calculation of optimized controller: K

* To deal with unmodelled external disturbance (e.g. 1/f laser phase

noise), integral control is introduced:
Modified state-space model

*State-space model  Additional internal state: q . 4 ol [ B
in discrete time at time instant k A‘]] = o I] . 1y Up, + Wy,
_ k ! k
Qk+1 = qk + Yk o
L ) i . i
Integral of output y g = |C 0} [q] + g,
k

(error signal)

* Calculated optimized controller: K with LQG (cost function) method

Obtained transfer function of the
r controller (y; = u)

IR
Target —
value:r ¢ U X \ y =[nl

Magnitude (dB)
A
)

S Observer . i
~ 60
DeSign paramEterS for COSt funcﬁon % 40\’\¥/
8 20 B
2 =
_ 2 _ oz 0] |1 0 ~ | |
Gemm=h = [0 032,] - {0 10_7] 72(; :
Qx =q=5-10°, R =r=0.5. le2 le3 5¢3

Frequency (Hz)
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@)Implementation

* Implemented the observer and the controller on DSP system

HV Amplifier

DACC;*‘““] X * DS1104 dSPACE DSP system
: » 8 DAC channels (12-bit, 300kHz)

e »16 DAC channels (12-bit, 300kHz)
ADcéhamel »Programmable with Simulink

»,
",
€
.....
------------------
---------------------------------------

25



Result

* Succeeded in locking the cavity
* UGF=61 Hz, phase margin=~47°

I’'m not sure...
* Is this really optimized?

* Large phase delay < due to
computation?

Magnitude (dB)

Phase (deg)

Error signal and transmitted power
during lock

T AU L

5
Time [s]

Open-loop transfer function

50 100 500
Frequency (Hz)
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Autolocking with non-linear control

* With linear control, cavity lock can be unlocked due to large
disturbance (goes out of linear range of the error signal)

Error signal
from
balanced
homodyne

y1 = f1(4)

Transmitted
power

V2 = f2(4)

Error signal [V]

Transmittance [V]

Linear rang
T s; T

| resonance

-330 -165 0 165
Detuning [MHz] A

A [V]

Y, [V]

0.1 Disturbance Response to a 0.4V input at plant input with PI controller

-0.1 |
-0.2 |
-0.3

'Jogkedi'

-0.0SJ 0 0.05 0.1 0.15 0.2
[ Large disturbance
 Transmitted |4 ynlocked
power yan
-0.05 0 0.05 0.1 0.15 0.2
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Autolocking with non-linear control

* With linear control, cavity lock can be unlocked due to large
disturbance (goes out of linear range of the error signal)

* If we can obtain the detuning A in outside of the linear range, we
can realize autolocking

Use non-linear signal y; = f1(4),y, = f,(A) to obtain

detuning A
_ Linear rang
Error signal N T S , _ _ ,
from >, o | 0.1 Disturbance Response to a 0.4V input at plant input with PI controller
balanced 5 = 0
homodyne 5 ] = -0af o , o ]
v, = f1(A) s | | | o2l locked" . w/ autalocking
1 1 AT e 0 163 -0.3 . i - i i ,
-0.0V 0 0.05 0.1 0.15 f 0.2

— 3 T T T T 3

> T T T P T

= — Large disturbance .2 _ L.
Transmitted % N resonanﬁ = o2 L [ g N O P
V2 = f,(8) 2 , [power T

0 O iy -0.05 0 0.05 0.1 0.15 0.2

Detuning [MHz] A

29



Obtaining detuning A from non-linear signal

HV Amplifier

* We want to know detuning A from observed y; and y, =<

T4
2k BroA 1 kok1kof e

Yi=— 2260 v Y2 = 50 ; T2 % 1
(5 + A2 (5 +A

Y, :

= f1(A) + vy, = f2(A) + v X S
Intensity 14,

1

» Calculation algorithm - |

|

. . 1 I

(D Measure vy, and y, at time instant k % |

. . ¥ Y, Phase :

(@ Set of possible detuning Ay: Jhreshold ->@-------

2
Sk = {Ak €R| (yix — fi(AK))" < uf and (yox — f2(8y)) " < M%}
3 Obtain mean: A, and standard deviation: oy
u - Ais linear
— > D

U = [y Yarel” EN x x Ay
—k> Non-linear 4 ylk'y2k> C-program 5 e e > > k+éz‘ - ¢ oo k>
Ok >

A [€ Ox




Use of standard deviation oy,

* We can use observation error g, for time-varying Kalman filter

*Kalman gain L, = feedback gain of state (xj) estimation process

Timevarying | Small oy = Large Ly : Emphasize measured output y, = [A,]"

Kalmanfilter ) arge g, = Small L, : Emphasize previous prediction %, (ignore yy)

» Better estimation of internal state xy,

W: process noise
X = [A 1T
Uy k1 Xy Vi £ k]
7

> Z_‘1 C "4

\ 2
oo}
>¥<

e
N

_‘ &€& V: measurement
O noise

Optimal Lj can be -
calculated st R .
mathematically -

\ 2
v
\ 2
N
v

A €

Observer (Computer) 31



Implementation

* Implemented the observer and the controller on DSP system

- Identifying system and designing controller were done in the
same way as previous cavity locking (no figures in the thesis)

HV Amplifier

— — LQR
r 1

Time-varying
Kalman filter

Ay —F T 0y,

Set Membership
Block

e\

' C-program at 10kHz
ntensity M- (y, 5., yo1) = (Ak, o)

%

(D] |
Target [Z ]T
. u X X Ve = 1Bk
value: r t’: @ k+1 k c v R 4 |
A2 |
Oy - I
] CI
| | !
wa x Observer I
=" (TVKF)  |€ I .
|
I ) 4 Y Phase

32



¥ [V]

%[V]

Result

(but no figures in the thesis)

* Compared with Pl control

»Injected
( )

»Succeeded in locking again with

non-linear control

Pl control

01 Disturbance Response to a 0.4V input at plant input with PI controller

0.1 0.I15 0.2
3 , : : :
A . nlacrlbad
1 Transmitted | unlocked
. ‘power K
-0.05 0 0.05 0.1 0.15 0.2

Time(s)

y V]

to PZT 0

* Succeeded in locking the cavity from any initial operation point

Linear range ~ 65MHz

e
N

[=3
(3]

Error signal [V]
(=)

Transmittance [V]

-165
Detuning [MHZ

Non-linear control

Dlsturbance Response to a0. 4V input at plant 1nput w1th TVKF

—0005 l dOOOS 001 0015 002 0025 003 0035 0.04
Transmltte power
locked Iocked agaIV

N ~in ~30ms

0005 0 0005 00l 0015 002 0025 003 0035 0.04
Time [s]
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Damping of suspension

* Motion of test mass is excited on resonance
= Need passive/active damping to extract energy

W
(=]
T

\1, Larger damping | —7=000tse4
—y=0. z
factor y =02 Hz

Magnitude [dB]
o

W
(=]
T

S
S

3
3
[=}
5—.
S
[SS]

o

A
O

. &\__ | | H)=Z%= 1

10” 10° 10! 107 F m(w(z) ~w?+iZyw)
Frequency [Hz]

hase [deg]

el
o

P
W
v

* Suspension system is generally a complex MIMO system (multiple
pendulum, undecoupled DOFs (longitudinal, yaw, pitch))

= Apply modern control for active damping!
35



Overview

* Target system

» Triple pendulum suspension used for
10 m prototype @ AEI

» Active damping for longitudinal, yaw and pitch

= Need optimal filters for feedback control  ////////

s
\
e

2214

» Measured transfer functions and
identified systems

200.0

» Designed optimal filters with H,
controller synthesis

350.0

*Implementation of filters was not done in
this thesis



https://www.aei.mpg.de/38521/10-meter-prototype
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Sensors/Actuators

* Used 6 BOSEMSs on upper mass

u;: Longitudinal actuation (D,E)
Uy: Yaw actuation (D,-E)
u,:Pitch actuation (B,C)

Yy;: Longitudinal sensor
Yuy: Yaw sensor
Yup: Pitch sensor

y;;: Longitudinal sensor
Yiy: Yaw sensor
Yip- Pitch sensor

*Used for system identification
(not used for control signal)

* This system can be regarded as
3 inputs 6 outputs system

u=|u,u, “p]T

Structure of a BOSEM (Birmingham Optical
Sensor and Electro-Magnetic actuators)

Collimating Lens

]
LED

Integral I
Lens Mask

Flag
| Photodiode

J: Photodiode

Magnet

Coil
Actuator

Connector LED
1 i r |

»\.:y\Flexi Circuit

¢Flag

? Coil

Magnet

//////// LLLL

2214

200.0

350.0

v

T
y = [)’Ul»)’Uy» Z’Up»)’Ll»)’Ly:J’Lp]

H(s)
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Magnitude (dB)

Long Out

Yaw Out

Pitch Out

-50
-100
-150

-50
-100
-150

-50
-100
-150

Measurement of transfer functions

* Measured transfer function matrix using BOSEMs and optical levers
* Used LIGO CDS

u = [u,uy, ”p]T

> H(s)

T
y = [yUl' Yuy ZUp' YLl YLy» }’Lp]

» Longitudinal, yaw and pitch were highly coupled (not diagonalized)

L

H, controller synthesis does not need decoupling process

Actuators of BOSEMs = Upper mass

Long In

Yaw In

Pitch In

A

SVARIW S\

A

M

N

WA
Y
B

M

0.5 1 2 5

0.5 1 2 5
Frequency (Hz)

0.5 1 2 5

Magnitude (dB)

Yaw Out Long Out

Pitch Out

Actuators of BOSEMs = Lower mass

Long In

Yaw In

Pitch In

-50
-100
-150

sy et

fiiise’,

M

-50
-100
-150

M

e

M

-50
-100
-150

L

A

e A

0.5 1 2 5

0.5 1 2 5
Frequency (Hz)

0.5 1 2 5
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Space-state representation

* H, controller synthesis minimizes performance criterion

* For H, controller synthesis, transfer function matrix H(s)
was transformed to state-space model (4,B,C,D)

» Used Matlab balreal and modred functions
= 60th-order system was obtained

1t

Use this for calculating optimal feedback filters: K(s)

T
, Vi = Vi Vi Vip| €
\c/thlteb (motion of lower mass) Performance
isturbance: w + > criterion
> P(s) —Sg———{ H(s)

T
Yu = [yUlryUy:yUp] |
(signals from BOSEMs§—

on upper mass) Control output

K(s)

T
u= [ul,uy, up]
Control input

40
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H, controller synthesis

* Closed-loop transfer function from noise w to output y; :

Y (s C .. .
F(s) = L )< We want to minimize this
w(s) r
' YL = [}’Ll» YLy pr] Perf
White (motion of lower mass) errormance
disturbance: w +  E— criterion
—>{ P(s) >0 > H(s)
- T
Yu = [YUl'yUy'yUp]
(signals from BOSEMs Control output
on upper mass)
K(s)
T
u = [w,uy,up)

FH(s): Hermitian

transpose of F(s)

* Use H, norm
I F(s) Il, = Jf_oooo Tr [FH(ia))F(ia))]Z—:

® do We can inject any
= jf |Fra (i) |2 > — modelled noise with P(s)
~ Kl

4

’ H, norm = RMS of all performance criterion: [¥.(y%) with unit-intensity white noise

* Trade-off between control performance and control energy

= optimal filter K that minimize || F(s) I, can be obtained by

solving Riccati equation "



Result: Obtained controller

* Calculate optimal filters K from state-space model (4, B, C, D)
« Used Matlab h2syn function

= 75th-order filters were obtained

Magnitude (dB) ; Phase (deg)

To: up To:uy  To:uy To: ul To: ul

To: up

S (N

From: yl

White

disturbance: w +

—

Bode Diagram

From: yy

T
L= [yLl: Yiy» pr]
(motion of lower mass)

P(s)

w= fu,uy ]

From: yp

\AW

\/“\JL»%

_—m—— ]

-—m— ]

LU

,\/JM)J\JW/

M

|

10
Frequency (rad/s)

H(s)

>

T
Yu = [YUlvay:yUp]
(signals from BOSEMs
on upper mass)

K(s)
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Magnitude (dB)

To: zl

To: zy

To: zp

Result: Closed-loop transfer function

 Simulated closed-loop transfer functions: F(s) = YL(s)

* Succeeded in damping modes by ~50 dB

without exciting other modes

w(s)

White
disturbance: w +

T
YL = [yLl' Yiy» pr]
(motion of lower mass)
—

0 - FIOl}l le o Frong: wy - 'F‘r'ovl}lz Wp' o
-100 1 L J
-200F 1 W L—%\/\
-300 - ! - TR TR
o LAJ\\ |
200% I |
-300 L
-50
-100
-150
-200

10 10 10°

10’ 10°

Frequency (rad/s)

P(s) o H(s)
- T
Yu = [yUl'yUy'yUp]
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Advantages/Disadvantages of modern control

- Advantages

» Able to deal with multiple-input multiple-output (MIMO)
uncoupled system

» Feedback control with internal state x (State feedback)

» Able to obtain optimal filters for feedback control mathematically
(with no need for professional tuning technique)

* Disadvantages
» For a too complicated system, enormous computation is needed
»Need precise system identification

»Need to set design parameters of cost function manually



Summary

* Application of modern control for gravitational wave detectors
and quantum optical experiments

= I
1
u
Time-varying
alman filter

B Application for a three-mirror ring cavity
» Locked cavity with linear LQG control
» Autolock with non-linear control

B Application for a suspension system

» Designed optimal filters for active damping
of triple pendulum suspension with H, controller
synthesis technique
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