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By the way…
We so much owe to Einstein.

In 1905 (Annus Mirabilis)

・Special relativity


◦ Finally it evolved to general relativity, and 
predict GW


・Photoelectric effect

◦ Quantum mechanics. Then we get coherent 

light source.

・Brownian motion


◦ Fluctuation dissipation theorem, stochastic 
thermodynamics.


All above is much related to our research!

Today’s seminar is related to third one.
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Abstract
Today, I will talk some topics about nonequilibrium 
thermodynamics related to GW detector community.

Main topic:

・Stochastic Thermodynamics

・Fluctuation Theorem

・ Information Thermodynamics
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Motivation
Equilibrium state = macroscopic quantity do not change in time


How about our experiment?

・Laser: Strongly pumped

・Feedback: Controlled

・ (Cryogenic: Heat flow through fibers and heatlinks)


We often consider systems far from equilibrium!


For better understanding of our experiment, we should care about 
physics under nonequilibrium state.

4



/ 2405. 06. 2020 Ando Lab Seminar

Brief History of NETD (1)
・Einstein’s relation (1905): 


◦ Einstein, 1905

◦ Relation btw diffusion of particle and viscosity


・Johnson noise

◦ Measurement by Johnson, Theory by Nyquist (1928)

◦ Thermal fluctuation of electrical voltage (or current)

5

D = μkBT
diffusion constant mobility, μ =

vd

F

SV(ω) = 4kBTR

single-sided PSD

of voltage

resistance
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Brief History of NETD (2)
・Fluctuation dissipation theorem (FDT)


◦ Callen, Welton (1952)

◦ Generalization of Johnson noise to arbitrary system


 : generalized impedance,   : generalized resistance


・Levin’s approach

◦ Levin (1998)

◦ Mathematically equivalent, calculated easily

Z(ω) =
F(ω)
v(ω)

R(ω) = Re[Z(ω)]

6

SF(ω) = 4kBTR(ω)
ℏω
2

coth ( βℏω
2 )

Sx(ω) =
8kBT
ω2

Wdiss

F0
2

applied force F = F0 cos ωt

dissipation energy per period
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Brief History of NETD (3)
・Linear resopnse theory


◦ Kubo, Nakano, … (1950s)


 : fluctuation at equilibrium


: resopose function


All of these relation state that fluctuation at equilibrium is related to 
response to external force applied

C{A,B}(ω) := ∫
∞

−∞
dteiωt⟨{ ̂A(t), B̂(0)}⟩

C[A,B](ω) := ∫
∞

−∞
dteiωt⟨[ ̂A(t), B̂(0)]⟩
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C{A,B}(ω) = coth ( βℏω
2 ) C[A,B](ω)

equilibriumfar from equilibrium
related!
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Noise out of equilibrium
Can we satisfied with FDT?


‣ No! There is shot noise!


Apparently shot noise and Johnson noise is different. 


・Johnson noise depends on temperature, but shot noise doesn’t


・Johnson noise exists even average current flows, but shot noise 
appear only when average current exists


As a stochastic process, there noises can be described as

◦ Johnson noise: Gaussian

◦ Shot noise: Poissonian

8

SI(ω) = 2e⟨I⟩
average currentPSD of current
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Stochastic Thermodynamics
Conventional thermodynamics


・System is macroscopic


・Dynamics is deterministic


Stochastic thermodynamics


・System is mesoscopic (e.g. a particle driven by brownian 
motion)


・Dynamics is stochastic

9
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Langevin Equation
Langevin equation


 : some controllable potential force


 : random force acted by the thermal bath, 


・Then, modifying the equation like this:


Here,  is Gaussian process.

Now  and  are stochastic quantities. If you know the probability 
density of them, you can calculate any quantities depending  and 

.

F(x, λ) = −
∂U(x, λ)

∂x
ξ ⟨ξ(t)ξ(t′ )⟩ := D2δ(t − t′ )

ξdt = DdW
x p

x
p

10

m ··x = − γ ·x + F(x, λ) + ξ

dp = (−
γ
m

x + F(x, λ)) dt + ξdt , dp =
x
m

dt
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1st Law of Thermodynamics
・Next, define heat  work as follows:


・From Langevin equation, we get:


・1st law of thermodynamics in terms of stochastic process!

⟨d′ Q⟩ ⟨d′ W⟩

11

d′ Q := (γ ·x − ξ) ∘ dx , d′ W :=
∂U
∂λ

dλ
exerted force x velocity

→ energy dissipation potential change 


due to external operation

→ work done by external system

dU = d′ Q + d′ W
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FDT Appears Naturally
・Consider average heat flow:


・At equilibrium state, 1st term is equal to 

・And, at equilibrium there is no heat flow


→


This means                                        → FDT!

kBT/2

12

⟨d′ Q⟩ =
2γ
m ⟨ p2

2m ⟩ −
D2

4γ

⟨ p2

2m ⟩ −
D2

4γ
= 0⟨ p2

2m ⟩ =
kBT
2

D = 2γkBT , ⟨ξ(t)ξ(t′ )⟩ = 2γkBTδ(t − t′ )

Sξ(ω) = 4γkBT
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Some Remarks
・Stochastic view of system can describe thermodynamics 

structure

◦ 1st law of thermodynamics

◦ 2nd law of thermodynamics (I omit its derivation)


・ If the system is at equilibrium, FDT also appears naturally.


・Next, let’s consider the system far from equilibrium by stochastic 
way


‣ Fluctuation theorem

13
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Fluctuation Theorem
A strong relation which holds even when the system is out of 
equilibrium.

Consider “forward process” (ordinary time evolution) and “backward 
process” (time-reversed and T transformation) process.


Now define the measurement probability of a quantity  as


◦ Forward: 


◦ Backward: 


Fluctuation states that


even the system is out of equilibrium!


Ω
p(Ω)

p†(−Ω)

14

p†(−Ω) = p(Ω)e−Ω (kB = 1)
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FT Family
Last equation is one of FT. There are many “so-called FT”

・Crooks FT


・Detailed FT


・ Integral FT


・Jarzynski equality


Review of FTs: Rep. Prog. Phys. 75 126001 
15

P†(−A)
P(A)

= e−σ

p(−Ω) = p(Ω)e−σ

⟨e−σ⟩ = 1

⟨e−βW⟩ = e−βΔF

zoology of theorem…

: entropy generation rateσ

https://iopscience.iop.org/article/10.1088/0034-4885/75/12/126001
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FT contains FDT (1)
・Consider two baths 1,2 and between baths current 

of X flows.


・Define intensive variables conjugative to X in terms 
of entropy and energy:


・Suppose that flowing current is  and difference 
of  btw 2 baths is , entropy generation rate 
is written as:

JX
ΠX ΔΠX

16

ΠX :=
∂S
∂X

, PX :=
∂U
∂X

= T ΠX

σ = JXΔΠX

Bath1

Bath2
ΠX2

ΠX1

JX
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FT contains FDT (2)
・From integral FT,


・Taking average, you’ll get this:


・Now consider the situation near equilibrium. Expanding RHS and 
considering up to  terms,


・

O(ΔΠX)

17

P(JX) = P(−JX)eσ = P(−JX)eJXΔΠX

⟨JX⟩ = ⟨−JXe−JXΔΠX⟩

⟨JX
2⟩

ΔΠX=0
= 2

∂⟨JX⟩
∂ΔΠX ΔΠX=0

= 2T
∂⟨JX⟩
∂ΔPX ΔPX=0
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FT contains FDT: Example
Let’s apply it to a circuit.


・Now,  (charge),  (voltage),  (current)


‣ a


・Substituting this, you’ll get


or


X = q ΔPX = V JX = ·q = I

18

⟨I2⟩ =
2T
R

∂⟨JX⟩
∂ΔPX

=
⟨I⟩
V

=
1
R

⟨V2⟩ = 2RT

Johnson noise! 

Bath1

Bath2
V2

V1

IΔV = V
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Violation of FDT under Steady Flow
Harada-Sasa (HS) equality: violation of FDT

・For (over-damped) Langevin system


relation btw PSD of velocity and responce function:


 : autocorrelation of velocity


 : response function


 : energy dissipation

C(τ) := ⟨( ·x(τ) − vs)( ·x(0) − vs)⟩

⟨ ·x(t)⟩ = vs + ∫
t

−∞
dt′ R(t − t′ )f(t′ )

Jdt = ⟨ (γ ·x − ξ) ∘ dx⟩
19

J
γ

= vs2 + ∫
∞

−∞

dω
2π [C(ω) − kBT(R(ω) − R(−ω))]

γ ·x = F(x) + f(x) + ξ

PRL 95, 130602 (2005)

= 0 if equilibrium

≠ 0 for nonequilibrium steady state

thermal force

external force to measure R(t)

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.95.130602
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Application of HS equality
Measurement of energy loss of molecular motors

・Estimation of energy dissipation at steady state (→ nonequilibrium)

20
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creased significantly. This is probably due to the change of
fluctuations triggered by the binding and release of ADP
and Pi, while an apparent difference in the rotational
behavior was not evident. At last, we imposed a constant
external load in the opposing direction of the ATP-driven
rotations. A torque of 17:7 pN nm=rad decreased the mean
rotational velocity of a probe from 5.08 Hz to 2.58 Hz
[Fig. 3(f)]. Under such an opposing torque, the extent of

FRR violation, or the discrepancy between ~CðfÞ and
2T ~R0ðfÞ, was less than that in the absence of the constant
opposing torque [Figs. 3(c) and 3(f)].

Next, we focus on the energetics. ATP hydrolysis and
mechanical motion are known to be tightly coupled in the
hydrolytic reactions of F1-ATPase; an ATP hydrolysis
triggers a step of 120# rotation [4,5]. Therefore, the num-
ber of steps, or the number of ATP consumptions, per unit
time is 3vs. To clarify the energy balance, we compared the
heat and work per a step with the free energy consumption
of an ATP hydrolysis. The heat per a step is equivalent to
Qrot $ J=3vs, where J is the heat per unit time calculated
using (1). Note that the integral in (1) corresponds to twice

of the area between ~CðfÞ and 2T ~R0ðfÞ shaded in Fig. 3. We
limited the integration in the range up to 300 Hz to avoid
the systematic noise in the high frequency region. ! was

obtained by taking the average of ~CðfÞ around 300 Hz by

assuming the FRR in high frequency regions as ~CðfÞ ¼
2T=!. The work performed against the external load N
during a step isW ¼ N & 120#. On the other hand, the free
energy consumption of an ATP hydrolysis is"! ’ "!# þ
T lnð½ATP)=½ADP)½Pi)Þ, where the standard free energy
difference "!# was calculated on the basis of the litera-
ture [25–29]. In Fig. 4, we plotQrot,W and"!, whereQrot

is shown separately: the contribution from the steady mo-
tion Qs $ !v2

s=3vs and that from nonequilibrium fluctua-

tions Qv $ !
R
df½ ~CðfÞ * 2T ~R0ðfÞ)=3vs. We found an

energy balance relation W þQrot ’ "! under all the con-
ditions we examined. When we increased ATP and ADP
concentration together while "! was held to be constant
[Fig. 4(i–iii)], vs and accordingly Qs increased, and Qv

decreased. This is because the " shaft rotates rapidly
and smoothly at high ATP concentrations with short
waiting time for the ATP binding. Under an external
load, F1 performs work against the load. Although Qs

and Qv decreased simultaneously under an external load
[Fig. 4(iv)], the sumW þQrot was almost equal to "!. At
a constant ATP concentration and different "! [Fig. 4(ii,
v)], vs and accordingly Qs were almost the same, but Qv

increased together with "!. In addition, the Stokes effi-
ciency defined as the ratio Qs=ð"!*WÞ was always less
than unity, as expected [25,30] (Fig. 4). High Stokes effi-
ciency implies that the driving force of a motor is nearly
constant.
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FIG. 3 (color online). Typical examples of fluctuations ~CðfÞ
(lines) and responses 2T ~R0ðfÞ (circles) of the rotational veloc-
ities. The shaded area corresponds to the half of the integral in
(1). The rotational trajectory is shown in the inset. rots: rotations.
(a) Rotational Brownian particle in the absence of ATP, ADP,
and Pi. (b)–(f) Particles driven by F1-ATPase at indicated
concentrations of substrates. (f) Under an external load of
17:7 pNnm=rad.
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FIG. 4 (color online). Amount of heat dissipation per a step
Qrot, the work on an external load per a step W, and the free
energy difference of an ATP hydrolysis "!. Qrot ¼ Qs þQv is
separately plotted: the contribution from the steady motion Qs

and that from nonequilibrium fluctuations Qv. The horizontal
thick lines indicate "! calculated on the basis of "!# reported
in the literature [25–29]. Since "!# are different in the litera-
ture, the error of the estimation of "! is indicated as the
thickness of the line: 72:4–78:4 pNnm (i–iv) and
109–115 pNnm (v). In (i–iv), the ratio ½ATP)=½ADP)½Pi) and
accordingly "! are held to be constant except for a minor
difference due to changes in the ionic strength, concentration
of free Mg2þ, etc. Error bars indicate the standard deviations.
Number of samples are (i) 15, (ii) 8, (iii) 7, (iV) 5, and (V) 7,
respectively.

PRL 104, 198103 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending
14 MAY 2010

198103-3

C(ω)line:
circle: R(ω)
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PRL 104, 198103 (2010)

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.104.198103
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Information Thermodynamics
Relation between work & information obtained by measurement


It says that:

Entropy change of the system must be grater than entropy change 
of the bath + information obtained by the measurement


Equivalently,

21

ΔSsystem − β⟨Q⟩ ≥ ΔI

Upper Bound of Extractable Work with Feedback 

Engine 
Heat 
bath 

F'
extW

Work 

IInformation 

Feedback 

The upper bound of the work extracted by the demon 
is bounded by the mutual information. 

K. Jacobs, PRA 80, 012322 (2009) 
J. M. Horowitz & J. M. R. Parrondo, EPL 95, 10005 (2011) 
D. Abreu & U. Seifert, EPL 94, 10001 (2011) 
J. M. Horowitz & J. M. R. Parrondo,  New J. Phys. 13, 123019 (2011) 
T. Sagawa & M. Ueda, PRE 85, 021104 (2012) 
M. Bauer, D. Abreu & U. Seifert,  J. Phys. A: Math. Theor. 45, 162001 (2012) 

The equality can be achieved: 

TIkFW Bext �'�d

TS and M. Ueda, PRL 100, 080403 (2008). 
TS and M. Ueda, PRL 104, 090602 (2010). 

Wext + ΔF ≤ kBΔI
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Cooling Limit by Feedback
What can we extract from information thermodynamics?


‣ Cooling limit by feedback control


・For a Langevin system like


・Effective temperature is bounded by mutual information:


・How much Information you got during system’s timescale puts 
limit for feedback cooling
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T − Teff

T
≤ ⟨

ti∈[0, m
γ ]

∑
i

Ii⟩

m ··x = − γ ·x + Ffb(x, λ) + ξ

kBTeff

2
:= ⟨ m ·x2

2 ⟩

feedback force

mutual information

obtained by measurement

PRE 84, 021123 (2011)

measurement

https://journals.aps.org/pre/abstract/10.1103/PhysRevE.84.021123
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Application to our research
Harada-Sasa equality


・Energy loss measurement → Q value ?

Feedback cooling limit


・Better way to damp oscillation?

Other concern


・How about quantum case? → under discussion

My ambition:


・Unified description of quantum noise due to photons and thermal 
noise of oscillators


・Analytical calculation of nonequilibrium thermal noise of cooled 
pendulum (like Komori-san’s paper)

23
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