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モードマッチングに関する計算のメモ．[1]を参考にした．

目次
1 Ray Transfer Matrix 1

1.1 Ray Transfer Matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 共振器の安定性 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2 共振器の空間モード 4

2.1 Gaussian Beamの q parameter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.2 共振器内での q parameterの変換 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.3 共振器内の共振モード . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

A レンズの屈折による光線の変換 11

B 凹面鏡の曲率半径と焦点距離 11

1 Ray Transfer Matrix

まず Ray Transfer Matrixを導入して，近軸近似において電磁波が光学素子によってどう変換されるかを記述
する．

1.1 Ray Transfer Matrix

図のように，光線を光軸からの距離 xと光軸とのなす角 θ で表す．この光線が光学素子によって x′, θ′ に変換
されるとき， (

x′

θ′

)
=

(
A B
C D

)(
x
θ

)
=M

(
x
θ

)
(1.1)

と表す．このM を Ray Transfer Matrix と呼ぶ．Mは次の性質を持つ:

• det(M) = 1

• 2つの光学素子による変化はそれぞれに対応する Ray Transfer Matrixの積で表される．

すなわち Ray Transfer Matrixは群をなす．
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Laser Beams and Resonators
H. KOGELNIK AND T. LI

Abstract-This paper is a review of the theory-of laser beams and
resonators. It is meant to be tutorial in nature and useful in scope. No
attempt is made to be exhaustive in the treatment. Rather, emphasis is
placed on formulations and derivations which lead to basic understand-
ing and on results which bear practical significance.

1. INTRODUCTION

rT HE COHERENT radiation generated by lasers or
masers operating in the optical or infrared wave-
length regions usually appears as a beam whose

transverse extent is large compared to the wavelength.
The resonant properties of such a beam in the resonator
structure, its propagation characteristics i free space, and
its interaction behavior with various optical elements and
devices have been studied extensively in recent years.
This paper is a review of the theory of laser beams and
resonators. Emphasis is placed on formulations and
derivations which lead to basic understanding and on
results which are of practical value.

Historically, the subject of laser resonators had its
origin when Dicke [1], Prokhorov [2], and Schawlow and
Townes [3] independently proposed to use the Fabry-
Perot interferometer as a laser resonator. The modes in
such a structure, as determined by diffraction effects,
were first calculated by Fox and Li [4]. Boyd and Gordon
[5], and Boyd and Kogelnik [6] developed a theory for
resonators with spherical mirrors and approximated the
modes by wave beams. The concept of electromagnetic
wave beams was also introduced by Goubau and Schwe-
ring [7], who investigated the properties of sequences of
lenses for the guided transmission of electromagnetic
waves. Another treatment of wave beams was given by
Pierce [8]. The behavior of Gaussian laser beams as they
interact with various optical structures has been analyzed
by Goubau [9], Kogelnik [10], [11], and others.

.9The present paper summarizes the various thebries and
is divided into three parts. The first part treats the passage
of paraxial rays through optical structures and is based
on geometrical optics. The second part is an analysis of
laser beams and resonators, taking into account the wave
nature of the beams but ignoring diffraction effects due
to the finite size of the apertures. The third part treats the
resonator modes, taking into account aperture diffrac-
tion effects. Whenever applicable, useful results are pre-
sented in the forms off formulas, tables, charts, and
graphs.

Manuscript received July 12, 1966.
H. Kogelnik is with Bell Telephone Laboratories, Inc., Murray

Hill, N. Ji
T. Li is with Bell Telephone Laboratories, Inc., Holmdel, N. J.

2. PARAXIAL RAY ANALYSIS

A study of the passage of paraxial rays through optical
resonators, transmission lines, and similar structures can
reveal many important properties of these systems. One
such "geometrical" property is the stability of the struc-
ture [6], another is the loss of unstable resonators [12].
The propagation of paraxial rays through various optical
structures can be described by ray transfer matrices.
Knowledge of these matrices is particularly useful as they
also describe the propagation of Gaussian beams through
these structures; this will be discussed in Section 3. The
present section describes briefly some ray concepts which
are useful in understanding laser beams and resonators,
and lists the ray matrices of several optical systems of
interest. A more detailed treatment of ray propagation
can be found in textbooks [13] and in the literature on
laser resonators [14].
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Fig. 1. Reference planes of an optical system.
A typical ray path is indicated.

2.1 Ray Transfer Matrix
A paraxial ray in a given cross section (z=const) of an

optical system is characterized by its distance x from the
optic (z) axis and by its angle or slope x' with respect to
that axis. A typical ray path through an optical structure
is shown in Fig. 1. The slope x' of paraxial rays is assumed
to be small. The ray path through a given structure de-
pends on the optical properties of the structure and on the
input conditions, i.e., the position x and the slope x' of
the ray in the input plane of the system. For paraxial rays
the corresponding output quantities x2 and x2' are linearly
dependent on the input quantities. This is conveniently
written in the matrix form

X9 -A B xi
X2i C D xi' (1)
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:

θx x’

θ’

図 1 Ray Transfer Matrix

1.1.1 具体例 1:並進
距離 dだけ並進する場合，x′ = x+ dθ, θ′ = θ であるから(

x
θ′

)
=

(
x+ dθ
θ

)
=

(
1 d
0 1

)(
x
θ

)
(1.2)

よって
Md =

(
1 d
0 1

)
(1.3)

またこのとき det(Md) = 1が成り立つ．

1.1.2 具体例 2:レンズによる屈折
焦点距離 f のレンズによって x′ = x, θ′ = θ − x

f に変換される*1から，

Mf =

(
1 0
− 1

f 1

)
(1.4)

このときも det(Mf ) = 1が成り立つ．

1.1.3 具体例 3:並進 +レンズ
距離 dだけ進んで焦点距離 f のレンズに入射する場合．並進とレンズの Ray Transfer Matrixをかければ良い
から

Md+f =MdMf =

(
1 0
− 1

f 1

)(
1 d
0 1

)
=

(
1 d
− 1

f 1− d
f

)
(1.5)

当然だが det(Md+f ) = 1も成り立つ．

1.2 共振器の安定性

共振器は，向かい合った凹面鏡の間を光が何回も反射することで定常波を起こす．これを同じ曲率をもつ凸レ
ンズが繰り返し並んでいるとみなすこともできるから，共振器の 1往復分を 1つの Ray Transfer MatrixM で表
し，その n乗を解析することで，共振器の安定性を議論できる．
M の固有値を λ1, λ2 (λ1 < λ2) とすれば det(M) = λ1λ2 = 1 であるから λ2 = 1

λ1
．これから M を

M = PΛP−1 (Λ = diag(λ1, λ2)) と対角化すれば

Mn = P

(
λ1

n 0
0 λ2

n

)
P−1 = P

(
λ1

n 0
0 λ1

−n

)
P−1 (1.6)

*1 証明は付録
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従って，λ ∈ Rであれば λ1 ̸= 1でない限りMn の要素は発散する．これより λ1, λ2 は複素数．*2

M =

(
A B
C D

)
(1.7)

とおくと，Tr(M) = A+D，det(M) = 1 であるから特製多項式は

ΦM (λ) = λ2 − (A+D)λ− 1 (1.8)

固有値は複素数になるから，共振器が安定になる条件は(
A+D

2

)2

− 1 < 0 (1.9)

−1 <
A+D

2
< 1 (1.10)

実際の共振器について考える．凹面鏡の曲率をそれぞれ R1, R2 とする．それに対応する焦点距離を f1, f2 とす
れば f = R

2 であるから*3，共振器 1往復に相当する Ray Transfer Matrixは

M =Md+f2Md+f1 (1.11)

=

(
1 d

− 1
f2

1− d
f2

)(
1 d

− 1
f1

1− d
f1

)
(1.12)

=

(
1− d

f1
2d− d2

f1
d

f1f2
− 1

f1
− 1

f2
1− d

f1
− 2d

f2
+ d2

f1f2

)
(1.13)

のようになる．従って，共振器が安定になる条件は

1

2

∣∣∣∣1− d

f1
+ 1− d

f1
− 2d

f2
+

d2

f1f2

∣∣∣∣ < 1 (1.14)

−2 < 2− 2d

f1
− 2d

f2
+

d2

f1f2
< 2 (1.15)

0 < 4− 4d

R1
− 4d

R2
+

4d2

R1R2
< 4 (1.16)

0 <

(
1− d

R1

)(
1− d

R2

)
< 1 (1.17)

*2 λ1 = λ2 (A + D = ±1) のときはこの議論は成り立たない．対角化はできずジョルダン標準形にしかならないが，いずれにせよ
n → ∞のときMn の要素が発散するから以下の議論には影響しない．

*3 証明は補遺
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2 共振器の空間モード
上で定義した Ray Transfer Matrixを用いて共振器内の Gaussian Beamの空間モードを議論する．

2.1 Gaussian Beamの q parameter

Gaussian Beamは以下の形で与えられる．詳細は [1]などを参照．

E(x, y, z) = ψlm(x, y, z)eiωt (2.1)

ψlm = Ul(x, z)Um(y, z)e−ikz+i(l+m+1)ζ(z) (2.2)

× exp

{
−i kr2

2R(z)
− r2

w(z)2

}
(2.3)

w(z) = w0

√
1 +

(
zλ

πw0
2

)2

, R(z) = z

{
1 +

(
πw0

2

λz

)2
}

(2.4)

ζ(z) = tan−1

(
λz

πw0
2

)
(2.5)

Ul(x, z) =

(
2

πw(x)2

) 1
4 1√

2ll!
Hl

(√
2x

w(z)

)
(2.6)

ここで，q parameterを次のように定義する:

1

q
=

1

R(z)
− i

λ

πw(z)
2 (2.7)

q = z + i
πw0

2

λ
(2.8)

q1 で表される Gaussian Beamが Ray Transfer MatrixM で表される光学素子によって q2 に変形されるとき，
q2 は (

q2
a

)
=

(
A B
C D

)(
q1
a

)
(2.9)

を aについて解くことで与えられる．すなわち

q2 =
Aq1 +B

Cq1 +D
(2.10)

となる．

2.2 共振器内での q parameterの変換

Gaussian Beam が共振器で共振するには，鏡の間を往復するときにレーザーの形が元に戻らなければならな
い．すなわち，1往復したときに同じ q parameterになれば良い．さらに鏡の往復は，前節のように凸レンズの
繰り返しで記述できる．
1往復に相当する Ray Transfer Matrixを

M =

(
A B
C D

)
(2.11)
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とすると，共振する条件は q1 = q2 = q であるから (2.10)より

q =
Aq +B

Cq +D
(2.12)

Cq2 + (D −A)q −B = 0 (2.13)

B

q2
− D −A

q
− C = 0 (2.14)

1

q
=
D −A

2B
±
√
(D −A)2 + 4BC

2B
(2.15)

ここで det(M) = AD −BC = 1より

(D −A)2 + 4BC = A2 − 2AD +D2 + 4BC (2.16)

= A2 + 2AD +D2 − 4(AD −BC) (2.17)

= (A+D)2 − 4 (< 0) (2.18)

であることを用いれば，
1

q
=
D −A

2B
± i

√
4− (A+D)2

2B
(2.19)

となる (+ の解は物理的にありえないから除いた．)．これと (2.7) を比較して，鏡の位置 (z = zend) における
R,wの関係は

R(zend) =
2B

D −A
(2.20)

πw(z)2

λ
=

2B√
(A+D)2 − 4

(2.21)

2.3 共振器内の共振モード

実際の共振器におけるレーザーのモードを求める．

2.3.1 曲率半径が等しい共振器
どちらの鏡も曲率半径が R0 の凹面鏡の共振器を考える．
図 2のように Ray Transfer Matrixを定義すると，焦点距離は f = R0

2 であるから，

M1 =Md+f =

(
1 d
− 1

f 1− d
f

)
(2.22)

である．また対称性から，ウェストの位置は共振器の中心で zend = z
2 となる．よって

R

(
−d
2

)
=

2d

1− d
f − 1

= −2f = −R0 (2.23)

R

(
d

2

)
= R0 (2.24)

すなわち，鏡の位置でのビームの曲率は鏡のそれと一致する．ビーム半径については

πw
(
−d

2

)2
λ

=
2d√

4−
(
1− d

f + 1
)2 (2.25)
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Fig. 10. Symmetrical laser resonator and the equivalent sequence
of lenses. The beam parameters, q, and q2, are indicated.
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Fig. 1. Mode parameters of interest for a resonator with
mirrors of unequal curvature.

where c is the velocity of light. After some algebraic
manipulations one obtains from (49) the following for-
mula for the resonant frequenc" of a mode

1 
v/V0 = (qu)+-(m+n+ 1) arc cos(1 -d/R). (51)

Ir

For the special case of the confocal resonator (d= R = b),
the above relations become

W= Xb/r, w02 = Xb/27r;

v/vo ==(q + 1) + (?n + n + 1). (52)

The parameter b is known as the confocal parameter.
Resonators with mirrors of unequal curvature can be

treated in a similar manner. The geometry of such a
resonator where the radii of curvature of the mirrors are
R 1 and R2 is shown in Fig. 11. The diameters of the beam
at the mirrors of a stable resonator, 2w1 and 2 2, are
given by

R 2 -d d
w1 4 = (R 1/7) 2 _ 

R - d R, + R2 -d
R, - d d

wI 4 = (XR2 /1) 2 (3R2 -d R1 +R2 -d
The diameter of the beam waist 2wo, which is formed
either inside or outside the resonator, is given by

/X2 d(R1 - d)(RI - d)(Ri + R2 - d)Wo4 = ).(54)
7r (R + R2 -2d) 2

The distances t and t2 between the waist and the mirrors,
measured positive as shown in the figure, are

d(R 2 - d)

R1 + R 2 - 2d
d(R1 - d)

R1 + R2 -2d
The resonant condition is

1

(55)

//Va = (q + :1) - (m + n + 1)
or

arc cosV/(l -d, /R 1)(l - d/f 2) (56)

where the square root should be given the sign of (1 - dIR1),
which is equal to the sign of ( -d/R 2 ) for a stable resona-
tor.

There are more complicated resonator structures than
the ones discussed above. In particular, one can insert a
lens or several lenses between the mirrors. But in every
case, the unfolded resonator is equivalent to a periodic
sequence of identical optical systems as shown in Fig. 2.
The elements of the ABCD matrix of this system can be
used to calculate the mode parameters of the resonator.
One uses the ABCD law (43) and postulates self-con-
sistency by putting ql=q2=q. The roots of the resulting
quadratic equation are

1 D-A - J 4q - 2B- \/4-(A+D)I17 2B ~ 2B
which yields, for the corresponding beam radius w,

W = (2XB/)/V4 - (A-+ D)2.

(57)

(58)

3.6 Mode Matching
It was shown in the preceding section that the modes of

laser resonators can be characterized by light beams with
certain properties and parameters which are defined by
the resonator geometry. These beams are often injected
into other optical structures with different sets of beam
parameters. These optical structures can assume various
physical forms, such as resonators used in scanning
Fabry-Perot interferometers or regenerative amplifiers,
sequences of dielectric or gas lenses used as optical trans-
mission lines, or crystals of nonlinear dielectric material
employed in parametric optics experiments. To match
the modes of one structure to those of another one must
transform a given Gaussian beam (or higher order mode)
into another beam with prescribed properties. This trans-
formation is usually accomplished with a thin lens, but
other more complex optical systems can be used. Although
the present discussion is devoted to the simple case of the
thin lens, it is also applicable to more complex systems,
provided one measures the distances from the principal
planes and uses the combined focal length f of the more
complex system.

The location of the waists of the two beams to be
transformed into each other and the beam diameters at
the waists are usually known or can be computed. To
ma tch the beams one has to choose a lens of a focal length
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1 cycle

図 2 曲率が等しい共振器

であり， √
4−

(
1− d

f
+ 1

)2

=

√
4−

(
2− 2d

R0

)2

= 2

√
1−

(
1− d

R0

)2

(2.26)

= 2

√
2d

R0
−
(
d

R0

)2

(2.27)

より

w

(
d

2

)2

=
λ

π

2d

2

√
2d
R0

−
(

d
R0

)2 =
λR0

π

1√
2R0

d − 1
(2.28)

となる．ここで，(2.4)から
λz

πw0
2
=
πw(z)2

λR(z)
(2.29)

である．これより
λ · d

2

πw0
2
=
πw(d2 )

λR(d2 )
=

π

λR0

λR0

π

1√
2R0

d − 1
=

1√
2R0

d − 1
(2.30)

よって

w0
2 =

λd

2π

√
2R0

d
− 1 =

λ

2π

√
d(2R0 − d) (2.31)

となる．
次に，(2.5)から

tan ζ

(
d

2

)
=
λ · d

2

π

2π

λ

1√
d(2R0 − d)

=
d√

d(2R0 − d)
(2.32)

ζ

(
d

2

)
= tan−1 d√

d(2R0 − d)
(2.33)

また

cos ζ =

√
d(2R0 − d)

d(2R0 − d) + d2
=

√
2R0 − d

2R0
=

√
1− d

2R0
(2.34)

であるから，
cos 2ζ = 2 cos ζ2 − 1 = 1− d

R0
(2.35)
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すなわち
ζ

(
d

2

)
=

1

2
cos−1

(
1− d

R0

)
(2.36)

ここで，位相について共振する条件を考える．対称性より，z = d
2 で位相が

n+1
2 π だけ進めば良いから

k
d

2
− (1 + l +m)ζ

(
d

2

)
=
n+ 1

2
π (2.37)

kd− (1 + l +m) cos−1

(
1− d

R0

)
= (n+ 1)π (2.38)

が満たされれば良い．さらに，free spectral range ν0 = c
2d を用いて，

2πν

c
d− (1 + l +m) cos−1

(
1− d

R0

)
= (n+ 1)π (2.39)

ν

ν0
= n+ 1 +

1

π
(1 + l +m) cos−1

(
1− d

R0

)
(2.40)

となる．これが，周波数 ν の TEMlmモードが共振する条件である．

2.3.2 曲率の違う鏡同士の共振器
鏡の曲率を R1, R2，対応する焦点距離を f1, f2 とする．

cos ) = (A + D).

Periodic sequences can be classified as either stable or
unstable. Sequences are stable when the trace (A+D)
obeys the inequality

-1 < (A2 + D) < 1. (7)

Inspection of (5) shows that rays passing through a stable
sequence are periodically refocused. For unstable sys-
tems, the trigonometric functions in that equation be-
come hyperbolic functions, which indicates that the rays
become more and more dispersed the further they pass
through the sequence. R = 2f, , R = 2f2

Fig. 3. Spherical-mirror resonator and the
equivalent sequence of lenses.

( ) Xl') Xn

Fig. 2. Periodic sequence of identical systems,
each characterized by its ABCD matrix.

2.3 Stability of Laser Resonators
A laser resonator with spherical mirrors of unequal

curvature is a typical example of a periodic sequence that
can be either stable or unstable [6]. In Fig. 3 such a
resonator is shown together with its dual, which is a
sequence of lenses. The ray paths through the two struc-
tures are the same, except that the ray pattern is folded in
the resonator and unfolded in the lens sequence. The focal
lengths j; and f of the lenses are the same as the focal
lengths of the mirrors, i.e., they are determined by the
radii of curvature R and R2 of the mirrors (fi=R,/2,
f 2 =R 2/2). The lens spacings are the same as the mirror
spacing d. One can choose, as an element of the peri-
odic sequence, a spacing followed by one lens plus another
spacing followed by the second lens. The ABCD matrix
of such an element is given in No. 4 of Table I. From this
one can obtain the trace, and write the stability condition
(7) in the form

0 < (I ) (1-) < 1. (8)

To show graphically which type of resonator is stable
and which is unstable, it is useful to plot a stability dia-
gram on which each resonator type is represented by a
point. This is shown in Fig. 4 where the parameters d/R,
and d/R 2 are drawn as the coordinate axes; unstable
systems are represented by points in the shaded areas.
Various resonator types, as characterized by the relative
positions of the centers of curvature of the mirrors, are
indicated in the appropriate regions of the diagram. Also
entered as alternate coordinate axes are the parameters g1
and 2 which play an important role in the diffraction
theory of resonators (see Section 4).

'7 /~~~~~~~ 

A g I ONP C--

:( ICONFOCAL-

I (RI= R 2 = d)

/ CONCENTRICX
(R = R2 = d/2)

</WI

ARA LL L

_N 42 - -PLAEI

0 1 - < -

0~~~~~~~ I =I -

-1

Fig. 4. Stability diagram. Unstable resonator
systems lie in shaded regions.

3. WAVE ANALYSIS OF BEAMS AND RESONATORS 

In this section the wave nature of laser beams is taken
into account, but diffraction effects due to the finite size
of apertures are neglected. The latter will be discussed in
Section 4. The results derived here are applicable to
optical systems with "large apertures," i.e., with apertures
that intercept only a negligible portion of the beam power.
A theory of light beams or "beam waves" of this kind was
first given by Boyd and Gordon [5] and by Goubau and
Schwering [7]. The present discussion follows an analysis
given in [11].

3.1 Approximate Solution of the Wave Equation
Laser beams are similar in many respects to plane

waves; however, their intensity distributions are not uni-
form, but are concentrated near the axis of propagation
and their phase fronts are slightly curved. A field com-
ponent or potential of the coherent light satisfies the
scalar wave equation

V2 u + k2u = 0 (9)
where k = 27r/X is the propagation constant in the medium.
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where

(6)

--- d---;

d- -- ---d--- II --- -
--- A 

f, fz f, f2

l t o i Z z w w w w r w w Z P w P - -

1 cycle

図 3 曲率が異なる共振器

fi =
Ri

2 である．図 3のように Ray Transfer Matrixを定義すると，

M2 =Md+f2Md+f1 =

(
1 d

− 1
f2

1− d
f2

)(
1 d

− 1
f1

1− d
f1

)
(2.41)

=

(
1− d

f1
2d− d

f1

− 1
f1

− 1
f2

+ d
f1f2

1− d
f1

− 2d
f2

+ d2

f1f2

)
(2.42)

である．これから
D −A = 1− d

f1
− 2d

f2
+

d2

f1f2
−
(
1− d

f1

)
= − d

f2

(
2− d

f1

)
(2.43)

4− (A+D)2 = 4−
(
1− d

f1
+ 1− d

f1
− 2d

f2
+

d2

f1f2

)2

(2.44)

= 4−
(
2− 2d

f1
− 2d

f2
− d2

f1f2

)2

= 4−
(
2− 4d

R1
− 4d

R2
+

4d2

R1R2

)2

(2.45)

=

(
4− 4d

R1
− 4d

R2
+

4d2

R1R2

)(
4d

R1
+

4d

R2
− 4d2

R1R2

)
(2.46)

= 16d

(
1− d

R1

)(
1− d

R2

)
R1 +R2 − d

R1R2
(2.47)
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\ 1 ~~~~~~~~Z
R =2f R =2fA--d - -- d- -- d-<-

f fi f
I ~~~~~~~~~~~~~~~~~I

Fig. 10. Symmetrical laser resonator and the equivalent sequence
of lenses. The beam parameters, q, and q2, are indicated.

-------- d -- a 
t----- ,------- + t 

W , ff , DV1T~IW W_

Fig. 1. Mode parameters of interest for a resonator with
mirrors of unequal curvature.

where c is the velocity of light. After some algebraic
manipulations one obtains from (49) the following for-
mula for the resonant frequenc" of a mode

1 
v/V0 = (qu)+-(m+n+ 1) arc cos(1 -d/R). (51)

Ir

For the special case of the confocal resonator (d= R = b),
the above relations become

W= Xb/r, w02 = Xb/27r;

v/vo ==(q + 1) + (?n + n + 1). (52)

The parameter b is known as the confocal parameter.
Resonators with mirrors of unequal curvature can be

treated in a similar manner. The geometry of such a
resonator where the radii of curvature of the mirrors are
R 1 and R2 is shown in Fig. 11. The diameters of the beam
at the mirrors of a stable resonator, 2w1 and 2 2, are
given by

R 2 -d d
w1 4 = (R 1/7) 2 _ 

R - d R, + R2 -d
R, - d d

wI 4 = (XR2 /1) 2 (3R2 -d R1 +R2 -d
The diameter of the beam waist 2wo, which is formed
either inside or outside the resonator, is given by

/X2 d(R1 - d)(RI - d)(Ri + R2 - d)Wo4 = ).(54)
7r (R + R2 -2d) 2

The distances t and t2 between the waist and the mirrors,
measured positive as shown in the figure, are

d(R 2 - d)

R1 + R 2 - 2d
d(R1 - d)

R1 + R2 -2d
The resonant condition is

1

(55)

//Va = (q + :1) - (m + n + 1)
or

arc cosV/(l -d, /R 1)(l - d/f 2) (56)

where the square root should be given the sign of (1 - dIR1),
which is equal to the sign of ( -d/R 2 ) for a stable resona-
tor.

There are more complicated resonator structures than
the ones discussed above. In particular, one can insert a
lens or several lenses between the mirrors. But in every
case, the unfolded resonator is equivalent to a periodic
sequence of identical optical systems as shown in Fig. 2.
The elements of the ABCD matrix of this system can be
used to calculate the mode parameters of the resonator.
One uses the ABCD law (43) and postulates self-con-
sistency by putting ql=q2=q. The roots of the resulting
quadratic equation are

1 D-A - J 4q - 2B- \/4-(A+D)I17 2B ~ 2B
which yields, for the corresponding beam radius w,

W = (2XB/)/V4 - (A-+ D)2.

(57)

(58)

3.6 Mode Matching
It was shown in the preceding section that the modes of

laser resonators can be characterized by light beams with
certain properties and parameters which are defined by
the resonator geometry. These beams are often injected
into other optical structures with different sets of beam
parameters. These optical structures can assume various
physical forms, such as resonators used in scanning
Fabry-Perot interferometers or regenerative amplifiers,
sequences of dielectric or gas lenses used as optical trans-
mission lines, or crystals of nonlinear dielectric material
employed in parametric optics experiments. To match
the modes of one structure to those of another one must
transform a given Gaussian beam (or higher order mode)
into another beam with prescribed properties. This trans-
formation is usually accomplished with a thin lens, but
other more complex optical systems can be used. Although
the present discussion is devoted to the simple case of the
thin lens, it is also applicable to more complex systems,
provided one measures the distances from the principal
planes and uses the combined focal length f of the more
complex system.

The location of the waists of the two beams to be
transformed into each other and the beam diameters at
the waists are usually known or can be computed. To
ma tch the beams one has to choose a lens of a focal length
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図 4 共振器のビームウェストの位置

また図 4のようにビームウェストの位置を定めれば，zend = −t2 である．z = −t2 での曲率，ビーム径は

R(−t2) =
2B

D −A
= 2

2d− d2

f1

− d
f2

(
2− d

f1

) (2.48)

= −2f2 = −R2 (2.49)

w(−t2)4 =

(
λ

π

)2
(2B)2

4− (A+D)2
(2.50)

=

(
2λ

π

)2(
2d− 2d2

R1

)2
R1R2

16d
(
1− 1

R1

)(
1− 1

R2

)
(R1 +R2 − d)

(2.51)

=
dλ2

π2

1− 1
R1

1− 1
R2

R1R2

R1 +R2 − d
(2.52)

=

(
λR2

π

)2
R1 − d

R2 − d

d

R1 +R2 − d
(2.53)

となる．M2 の定義から，R(−t2)は曲率 R2 のレンズを通った後のビームの曲率だが，先の例と同様にレンズ自
体の曲率と一致している．また添字の 1と 2を入れ替えれば，反対側のレンズについても同様のことが言える．
次に，ウェストの位置を求める．式 (2.29)から

λt2
πw0

2
=
πw(t2)

2

λR(t2)
(2.54)

π2w0
2

λ2
=
R(t2)t2
w(t2)2

(2.55)

(ここで R(−z) = R(z) , w(z) = w(−z)を用いた) 式 (2.49)，(2.53) を代入して

R(t2)t2
w(t2)2

= R2t2
π

λR2

√
R2 − d

R1 − d

R1 +R2 − d

d

=
πt2
λ

√
R2 − d

R1 − d

R1 +R2 − d

d

(2.56)

同様に，

π2w0
2

λ2
=
R(t1)t1
w(t1)2

=
πt1
λ

√
R1 − d

R2 − d

R1 +R2 − d

d

(2.57)

8



これらから
λt1
π

√
R1 − d

R2 − d

R1 +R2 − d

d
=
λt2
π

√
R2 − d

R1 − d

R1 +R2 − d

d
(2.58)

t1(R1 − d) = t2(R2 − d) (2.59)

これと t1 + t2 = dから，
t1 =

d(R2 − d)

R1 +R2 − 2d
(2.60)

t2 =
d(R1 − d)

R1 +R2 − 2d
(2.61)

と，ウェストの位置が定まった．これを式 (2.57)に代入して

w0
2 =

λ

π

d(R2 − d)

R1 +R2 − 2d

√
R1 − d

R2 − d

R1 +R2 − d

d
(2.62)

w0
4 =

(
λ

π

)2
d(R1 − d)(R2 − d)(R1 +R2 − d)

(R1 +R2 − 2d)2
(2.63)

となる．
次に，位相について共振する条件を考える．式 (2.5)から

tan ζ(t1) =
λt2
πw0

2
=
πw(t1)

2

λR(t1)

=
π

λ
· λ
π

√
R2 − d

R1 − d

d

R1 +R2 − d

=

√
R2 − d

R1 − d

d

R1 +R2 − d

(2.64)

同様に，

tan ζ(t2) =

√
R1 − d

R2 − d

d

R1 +R2 − d
(2.65)

ビームが共振するには，z = −t1 から z = t2 へ進む間に位相が (n+ 1)π 進めばいいから

[kt2 − (1 + l +m)ζ(t2)]− [k(−t2)− (1 + l +m)ζ(−t2)] = (n+ 1)π (2.66)

k(t1 + t2)− (1 + l +m)[ζ(t2)− ζ(−t1)] = (n+ 1)π (2.67)

ここで t1 + t2 = d，ζ(z) = −zeta(−z)より

kd− (1 + l +m)[ζ(t1) + ζ(t2)] = (n+ 1)π (2.68)

FSR ν0 = c
2d を用いて

ν

ν0
= n+ 1 +

1

π
(1 + l +m)[ζ(t1) + ζ(t2)] (2.69)

となる．
ところで，

tan[ζ(t1) + ζ(t2)] =
tan ζ(t1) + tan ζ(t2)

1− tan ζ(t1) tan ζ(t2)
=

ξ + η

1− ξη
(2.70)
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(ξ = tan ζ(t1) , η = tan ζ(t2))

cos[ζ(t1) + ζ(t2)] =
1− ξη√

(1− ξη)2 + (ξ + η)2

=
1− ξη√

1− 2ξη + ξ2η2 + ξ2 + 2ξη + η2

=
1− ξη√

(1 + ξ2)(1 + η2)

(2.71)

だが，

1 + ξ2 = 1 + tan2 ζ(t1) = 1 +
R2 − d

R1 − d

d

R1 +R2 − d

=
(R1 − d)(R1 +R2 − d) + (R2 − d)d

(R1 − d)(R1 +R2 − d)

=
R2

1 − dR1 +R1R2 − dR2 − dR1 + d2 + dR2 − d2

(R1 − d)(R1 +R2 − d)

=
R2

1 +R1R2 − 2dR1

(R1 − d)(R1 +R2 − d)
=

R1(R1 +R2 − 2d)

(R1 − d)(R1 +R2 − d)

(2.72)

同様に
1 + η2 =

R2(R1 +R2 − 2d)

(R2 − d)(R1 +R2 − d)
(2.73)

一方

1− ξη = 1− tan ζ(t1) tan ζ(t2)

= 1−
√
R2 − d

R1 − d

d

R1 +R2 − d

√
R1 − d

R2 − d

d

R1 +R2 − d

= 1− d

R1 +R2 − d
=
R1 +R2− 2d

R1 +R2 − d

(2.74)

これらより

cos[ζ(t1) + ζ(t2)] =
R1 +R2− 2d

R1 +R2 − d

√
(R1 − d)(R1 +R2 − d)

R1(R1 +R2 − 2d)

√
(R2 − d)(R1 +R2 − d)

R2(R1 +R2 − 2d)

=

√
(R1 − d)(R2 − d)

R1R2
=

√(
1− d

R1

)(
1− d

R2

) (2.75)

よって，

ζ(t1) + ζ(t2) = cos−1

√(
1− d

R1

)(
1− d

R2

)
(2.76)

これを用いれば，共振する条件は

ν

ν0
= n+ 1 +

1

π
(1 + l +m) cos−1

√(
1− d

R1

)(
1− d

R2

)
(2.77)

と書ける．このとき， 1
π cos−1

√(
1− d

R1

)(
1− d

R2

)
が整数にならないように共振器を組めば，モードを選択し

て共振させることができる．
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付録A レンズの屈折による光線の変換

付録B 凹面鏡の曲率半径と焦点距離
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