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Detecting Gravitational Waves
Problems 2

Wave form of a compact binary inspiral

In class we have seen that in the limit of a slowly moving source the gravitational wave strain
radiated from a source can be calculated by the famous quadrupole formula

2064
W= 2 ) @

where ]};T is the transverse-traceless component of the reduced quadrupole moment. We have
also seen that the energy-momentum pseudo-tensor for gravitational waves is given by
1 TT Il '
tor = S (el ) - o

where (...) denotes the average over several wave length. We want to use this to estimate the
wave form of a compact binary inspiral to Oth order.

1 Kepler motion for a circular binary with masses n; and m,

Two starts with masses m; and m; are orbiting each other in a circular orbit. As usual we define
the separation between the stars a, the orbital angular frequency (), the total mass M = n; + mp
and the reduced mass y = (mymy)/ M. Find the relation between (2, M and a (Kepler’s third
law), as well as the orbit of each star. ¥;(t) and ¥;(t). (Choose the x-y plane as orbital plane.)

Now find the reduced quadrupole momentum J;; of this binary.

2 Total energy emitted

Proof that
Je @0 =4n
Jo mimid?Q = 265 (3)
f52 T’I,‘?Ij?‘tkﬂ[dzﬂ = 41—';( (5jj'5k; o 5ik5jl AR 5:‘15jk) :

Use this to show that

JIETTRO = gy, @
Now calculate the total power that is emitted in GW by the binary system. Result:
32 Gt
Pemitted = ?};—5 (5)

3 The wave form

Use energy conservation to find a solution for stars’ separation a(t) as a function of time,

a(t) = ap(1 —t/7)"/%. Find the time to merger Tp as a function of the gravitational wave fre-
quency fgw =2f = Q/7 and the chirp mass Mcpirp = #*/>M?/5. You should get

8 3
3 3
5 = 3.0 sec (100 HZ) ( Msun ) (6)
fgw Mchirp

For observers on the x-axis (in orbital plane) and on the z-axis (perpendicular to the orbital

plane), find the amplitude and frequency for both the plus and cross polarization as a function
of time.
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