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Detecting Gravitational Waves
Problem 1

Linearized Gravity: transverse-traceless and Lorenz gauge
We linerarize gravity by assuming that the metric perturbations are small

S =N + Iy || K 1. (1)

In class we derived the Riemann curvature, Ricci curvature and Ricci scalar up to 1st order:

_ 1 , .
Rtyps = 5 |m up—tg" g — Py a,ﬁ}
Ry L1 = o = Ot | (2)
R =+, —0h.
The Einstein curvature, as always, is given by
1
Guv = R;u/ - E”/va' 3)

Gauge transform
We have also seen that the Riemann curvature is invariant under gauge transforms

h‘uv — h‘m/ + gy,v + gv,y s (4)

i.e. the Riemann curvature has a direct (measurable) physical meaning. The invariance of the
Riemann curvature of course also implies the invariance of the Ricci curvature, Ricci scalar and
Einstein curvature.

1 Lorenz gauge or harmonic gauge

The Lorenz gauge is defined by
1
v

W= EhL,y. (5)

Show that this results in the Einstein equation
L 1 L
O (h w — Eiywh ) = —167tGT)y . (6)
In vacuum, any solution can be written as superposition of plane waves
; A
e )

with k* = (w,wii). We can always pick 7 = &;. Show that for such a plane wave solution the
four Lorenz gauge constraints (equation 5) imply

Z§3 = - %L(h(lio + hiz)

01 — ~"3;

htliz = —h§2 ®)
h%l = _h%2 :



2 Trace-reversed Lorenz gauge
Repeat the previous problem with the trace-reversed strain in Lorenz gauge, EIEV

- 1
L ©)

The Lorenz gauge condition and Einstein equation become

Lpw
h T 0 (10)
ORL, = —167GTyy.
Again looking at a plain wave in 3-direction in vacuum, show that
_ 1r i,
ggs = ZL(hé hés)
= —h
To1 31
iy = iy 1
3 Transverse-traceless gauge
In vacuum the transverse-traceless gauge is defined by
W, = 0,  transverse
pITH =0, traceless (12)
hTTOV = 0, time components are zero
Show that the corresponding Einstein equation in vacuum is
On'™,, =0. (13)
The gauge transform from Lorenz to TT gauge is given by
h;fg = hﬁv + v+ Cupe (14)
In vacuum, any solution can again be written as superposition of plane waves
A
Wy = hg e (15)

with k' = (w,wii). Show that for a plane wave solution with frequency w traveling in 7 = é;
direction, the vector ¢* is given by

1
=5 (‘h(%o/Zh(%th(%zr—hés) , (16)
which implies
-
T
hy = hyp (17)
WIT = 0, v=1(0,1,23)
WT = 0, v=1(0,1,23).



4 From Lorenz to transverse-traceless gauge (1, — 1)

Show that for a plane wave solution traveling in an arbitrary direction 7, this result (equation 17)
for the spatial components can be written as

hit = <Pikpjl —

1

TT
> |

4

Pl'jpkl) ]’l,l(‘l = [hll}

where the projection operator P/ is given by

5 From trace-reversed Lorenz to transverse-traceless gauge (fzﬁy

Pl = 1 — i

For plane-wave solutions in arbitrary direction 7i, show that the following also is true

it = <Pikle — zpijpkl> hfy = [Efj

1 }TT

Again specializing to 7i = é3, show that this implies

which is worth remembering.

T
hll

T
hlZ

T
h22

TT
oy
h 3v

3 (hy —hpy)

0, v=1(0,1,2,3)
0, v=1(0,1,23),

(18)

(19)

— hﬂ)

(20)

(21)
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