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§ 1 Introduction



Situation & Motivation

* Consider a binary system formed of a stellar mass

particle and intermediate-mass BH (IMBH) surrounded
by dark matter (DM) halo.

e Consider the inspiral GW from the binary

* How accurate DM parameters are determined by GW
observations ?

Without DM halo Including DM halo

orbital cycle orbital cycle




Strategy

* Particle movement affected by BH & DM

v

* |nspiral gravitational wave (GW)

v

* DM information contained in GW waveform

v

* Extract DM information by matched filtering

4

We found DM information can be determined
very accurately by GW observations.



§ 2 Dark Matter Distribution



Dark Matter Distribution
around Massive Black Hole

e Suggested first by Gondolo & Silk (1999)
* Adiabatic growth of IMBH creates high DM region.

 p: DM density This region is called DM mini-spike
pi(r) o™ (0<y<2) pr(r) ocr™® (a=522)

=

initial profile : pi(r) final profile : pf (r)



Dark Matter Distribution
around Massive Black Hole

e Suggested first by Gondolo & Silk (1999)
* Adiabatic growth of IMBH creates high DM region.

 p: DM density This region is called DM mini-spike
pi(r) o™ (0<y<2) pr(r) ocr™® (a=522)

Inp

Adiabatic
growth of
IMBH

\ope: Y
seed BH
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Initial profile pi(r) final profile pf(r)



Power-law index of DM spike

* Assumption Ref. Ullio, Zhao and Kamionkowski:

. . -ph/0101481
— adiabatic growth of BH astro-ph/

— Initial profile p; (r) o< ™7, final profile p¢ (r) occr™?
* Conservation laws
— mass conservation of DM
MPM (r) = MPM (ry) w777 o O
— total angular momentum conservation
ra MPHHPM (1)) = Tff\/fFHJrDl\"l (7¢)
MPHEPM (rp) = My (r — 0)

9 -2y

M rough estimate = N (0<~v<2)

4—
) r, fYOC’I“f




Power-law index of DM spike

* Assumption:

— The growth of the central BH is adiabatic
e Adiabatic invariants: / dE/ nde (5,1

— Angular momentum: L

. . Jr(E, L) = f druv,
— Radial action: Jr (L) =2

Ji (E?laL?l) = f (EfaLf)
Jfr,'i, (E?a L?) — Jfr,ff (Efa Lf)

Ref. Ullio, Zhao, Kamionkowski:
astro-ph/0101481

pi(r) — fi (E,L) — ff (E,L) —> pf(r)

Eddington’s Adiabatic Volume
formula Invariants integration



DM halo distribution

* DM mini-spike profile
rsp = 0.33 pc
psp = 379 Mg /pc?
* |nitial DM profile is well-approximated by Navarro-

Frenk-White (NFW) profile.

T's o
/O(T) = Psp (Tp) (TISCO <r < Tsp)

INFw = 1

pnrw (1) = = — | QNFW = 7/3

(r/rs) (1 +7/rs)’

Adiabatic
growth of
IMBH

Initial profile pi(r) final profile pf(r)



§ 3 Gravitational Wave waveform



Situation

* Consider a binary system formed of a stellar mass

particle and intermediate-mass BH surrounded by
dark matter (DM) halo.

* Momhalo~10° M@
Mivei~ 103Me
Mstar~1 M®

* Assumptions

— Circular orbit
— Constant DM density

orbital cycle



BwoN e

Effect of DM halo on the particle

. Gravitational potential of the central IMBH

Gravitational potential of the DM halo
GW back-reaction force

Dynamical friction
from a dence DM halo

DM mini-spike

$

Equation of motion (EoM)

orbital cycle



Equation of motion for the particle

 EoM for the particle

dr?
T3 = —Vomea — Vopum + fow + for
— 15t 2"d terms: Gravitational potential force
_|: — 3rd term : GW back-reaction force

— 4t term : Dynamical friction force
e are very small effects

* can be treat as a perturbation



GW Waveform

e GW waveform for the Newtonian circular orbit

quadrupole formula GW waveform
e = oo ho = L L o 2t
[k = /dgx prd ¥ - hy = 14G“L:§R2 cos ¢ sin (2w;t)
T C
» orbital radius R
» orbital frequency ws
» stellar mass u
» Inclination t
IMBH > distance to the source r

\— stellar orbit



GW Waveform
including orbital time dependence

* Energy balance
— Orbital energy Eorbit decrease by GW radiation loss Ecw

and the dynamical friction loss Eor .

_dEBorvis _ dEgw N dEpr
dt dt dt f
1R B GW loss
dt :
‘ *  friction loss
R=R(t)

orbital shrinking



Rewriting GW waveform

- 14Gpw?R? 1+ cos? 1

hy ; i cos (2wst)
2 12
hy = %4(}!1:51% Ccos ¢ sin (2w,t) R — R(t)
: ws — ws (1)
1 4G pwg(t)?R(1)? 1 + cos? ¢ waw — P (t) = /WGW (t') dt’
b (1) = 2D cos [B(1)].
14 < 2 2
hy (t) = — G (? () cos ¢ sin [P(1)],
r c
Consider only plus mode
h(t) = Al(teet) cos @ (tret) , h(t) = h (2)
 14Guw, (1) R (1) 1+ cos? ¢ trey =t —1/c
Alt) = r ct 2

| 5 11/2 Fourier transform
hif)==e"A [—] : by Stationary
phase method



GW waveform: final form

 GW Waveform for plus mode in Fourier space

| ))/G 1+ cos? ¢ Mc: charp mass
2 5/2
M, = u3/5 M2/

R | . 5/3 f f
b ()= (5 f,gu) [f / dff FTEMT(E) + / df’ .f"S/'L”M‘ltf’J]

J o OO

éz@—i—?ﬂ?ﬁft Q):/
f

wGW
. T'sp Qv
M(f)l—l—x(G/?T‘? /p()pbp(r)
o : power-law index of DM profile

(1)
Two DM parameters < ce : the other DM parameters



§ 4 GW observations



GW observation: eLISA

Consider eLISA observation

eLISA: evolved Laser Interferometer Space Antenna
space-based detector
5 years observation until the coalescence

Earth’s orbit

1le-813

le=814

le-015 -

le-816 r

le-817

le-016

1e-819 ¢

eLISA sensitivity curve

1le-0208
le-88%5

a.a8a1 a.881 a.01 8.1 1
f [Hz]

Ref. Amaro-Seoan et al,(2012) arXiv:1201.3621



Data Analysis: Matched filtering

* Detector output:
—s(t) =h(t) +n(t) ([h(t)] << [n(t)])
* detector output: s(t)

* unknown GWs signal: h(t)
e detector noise: n(t)

 We can extract the GW signal in the detector noise
by mixing the output s(t) with the template ht(t)

Filtering procedure:

4 )

[Qutput;@@—> Filter: _)[GW signal:@@
0

Template ht(t;0)

(0:parameters) ﬁ

s(t)=h(t)+n(t) \_ =
Noise is filterd out
Correlation between signal and template




Foundations of Parameter Estimation

 How accurate the waveform parameters are
determined by GW observations?

e Detector output s(t) = h(t;0)+n(t)
— h(t;0) : template, n(t) : detector noise
— O:waveform parameters, such as A,Mc,tc,Wc etc.
* Assuming detector noise is stationary and Gaussian
= Detector noise is a random Gaussian process
= Estimator 8 have statistical errors AB (8¢ - vess (_%rijAQi/_\g.?)

.. = Oh
(| ) : noise weighted inner product

A = \/(F_l)n‘ (h1|h2) = 4Re /OO h gn) ?f;)(f) df

(%' [ij : Fisher matrix
067




Parameter Estimation Procedure

1. Construct the theoretical waveform h(t;0)

' Template

2. Derivative of h(t;0) with respect to 6

Waveform parameters

¥

3. Take inner product (0h/06i|dh/d6;) = Tij.

Fisher matrix

¥

4. Measurements errors are the square root of
the diagonal element of the inverse of [ij

S AG = /(P-1),,




Parameter Estimation
e GW waveform

f @f—T/B-i‘P(J"’) M ( )—U?
— )"" f“_ o (I}
"‘ 0 (87G(QL)\ " o, f
B (f) =~ (8*(‘ ) f/ df’ foHR M (f")+/ df' f'8BM(f)

3 3

() = 14+4@) (/2 7) L2

e Six waveform parameters 0
— A : overall amplitude
— tc,dc : coalescence time and phase
— Mc : charp mass _ (TSP)Q
P L p (1) = psp .
— a, ce : dark matter parameters

a : power-law index of DM profile, ce:the other DM parameters



Parameter Estimation

* Derivative of h(t;0) with respect to 6
oh oh

. R
(9111./4 - hj d1n A[r B 32}1(1)
Oh - oh - (00 11 0M
agc — QWth 811] o = Qﬁh- (Za — aﬂ%) ,
oh N oh [0V 11 0M
9D = —ih, dlne. cett Zacg 2 M Oc-
Oh | Oh . .
Tij = (09?? %> Fisher matrix
A = \/(T1),, Measurements errors



Result: Error of DM parameters
Errors of two DM parameters a, ce

— For larger a, DM parameters are determined more accurately
— o™ = pom(r->0) I = effect of DM on particle T

— For initially NFW profile, a=7/3

— DM parameters can be measurable with very good accuracy!

10° T e~ 1 ' T T T
1ot BN Aa/avs afor S/N=10 LU D N Ace/ce vs a for S/N =10 ]
102 '_ : 5 5 5 5 _' 104 - : : : : —_
2 . . : :
E \Unitially NFW - 100 [ N\ nitially NFW ]
104 | _ 102 |-
(esssssssssssnssEEEEEEEEEE SRR E -4 .....q...........;.....:......;......?.
6 L i - 10 B : ! ! :
10 _| fractlonal errorofoc : i . | [fractional error of ¢, I
= | | | | | | = ]
1 12 14 16 1.8 2 22 24 26 10

1 12 14 16 1.8 2 22 24 26

DM power-law index DM power-law index o



Why DM errors go up in a>2.5 ?

* This behavior can be explained by the number
of orbital cycles in the detector band of eLISA.
S ho 1/2

—_— Y N
cycle
N "~ FoSn (fo) - Ncycled , S/N L, 46
1
Al x ——
S/N T
chcle
1x1(g'5'
106 | | I | | | | 5)‘(1(;6;
10* :
» ]
10 | 1x 108
;100 . leofﬁé
10_2 S S
4 N £
10 _ . _ | 1% 10%)
10°° ftactiopal elfror of o . . 5104
1 12 14 16 1.8 2 22 24 26 |

. 00 o5 10 15 20 25
DM power-law index o



Phase parameters

In the case of initially NFW profile

* In the case of initially NFW profile, a = 7/3
* Errors of waveform parameters are as follows

/ AA i 10 \
— = 0.1
A (Sfﬁ'—)
. . 10 -
At,=1.2 (F;fﬁ") [H .
L 10 e
K.&(I)C_ =14 (S;’ﬂ") rad] j
/A;‘tfc _ 33 %107 ﬂ? \
M., ST/ N
Ao 10
T =926 x107°% [ —— ).
0 ' ( 5*/\")
Ac. 10
Ce — _|_ _)) X 10_4 — .
= SIN)

Phase parameters are measurable
with very good accuracy.

l Why?

For inspiral GWs,
S ho nL/2

N fO S'n, (fO) cycle
O = /wG‘rVth X Ncycle

>

l

GW Phase are strongly related to S/N.



§ 5 Summary & Future Work



Summary

* We consider the binary composed of a stellar mass object
and an IMBH surrounded by DM mini-spike.

* We research on how accurate the DM parameters
contained in the GW waveform are measurable.

et

1. DM parameters can be determined very accurately by
GW observations.

2. Observation of GWs from IMBHs will be a new
tool to probe the DM distribution near the IMBH.
3. This may offer hints on the history of BHs formation.



Future work

* |Including 15t Post-Newtonian effect
* Non-zero eccentricity

* Accretion

* Non-spherical of DM mini-spike

* [MBH spin effect

Thank you !!



